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Abstract
In this paper we consider the solution of a simple stochastic growth
model using stacked-Newton methods. The method is compared with
a variety of other solution methods, all implemented in WinSolve, a
general nonlinear model solution program.

1 Introduction

In 1990, ten authors were invited to solve a simple stochastic growth model
proposed by Christopher Sims, using a variety of dicerent numerical meth-
ods. Taylor and Uhlig (1990) presents a comparison of the various proposed
methods and solutions without making any very clear recommendations for
choosing between them. Comparison of the methods was complicated by the
fact that authors had each used dicerent computer software and hardware,
and direrent random number generators to draw their stochastic shocks. In
this paper, we revisit the stochastic growth model and suggest a new solu-
tion method based on the perfect foresight assumption, a stacked version of
Newton’s method implementing suggestions of Lacargue (1990), Boucekkine
(1995) and Juillard (1996). This so-called L-B-J algorithm is compared with
other methods, focusing on the extended path method of Fair and Taylor
(1983), implemented for the stochastic growth model by Gagnon (1990), and
the parameterised expectations method of den Haan and Marcet (1990) and
(1994). All these methods are implemented in WinSolve, a user-friendly
computer package for solving general nonlinear models, described in Pierse
(2002) and available for download from the internet.

The structure of the paper is as follows: Section 2 describes the stochas-
tic growth model and dicerent approaches to solving it, Section 3 discusses
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the stacked-Newton method as applied to this model. Section 4 compares
this method to the extended path and parameterised expectations methods.
Finally, some conclusions are drawn.

2 The stochastic growth model

In this model agents are assumed to be in..nitely lived and to maximise
lifetime expected utility subject to a budget constraint. A constant relative
risk aversion utility function

w(Cy) = (1—7)'Ck

is assumed where C; is consumption and 7 is the coe@cient of relative risk
aversion 0 < 7 < 1. Then, formally, agents solve the following problem:

max Fj i g1 —7) ot (@)
=0

subject to the resource constraint
Ct -+ Kt = Hth_lOd (2)

where K, is the end of period capital stock, and 6, is technology. 1 — p is the
rate of capital depreciation, 0 < p < 1 and g is the rate of time discount,
0 < 3 < 1.! We also impose the side-conditions that C, > 0 and K, > 0, for
all t. Technology 6, is assumed to be stochastic, following the autoregressive
process

In6, =plnb,_; + & 3)

where ¢, is a serially uncorrelated normally distributed random variable with
zero mean and constant variance o2.
The ..rst order Euler condition for capital in this model is given by

Cy 7 = EBC (n+ afpy K771 (4)

The solution to this model is a decision rule for consumption and one for
capital stock given by C; = f(K;-1,6;) and K; = g(K;_1,0;) respectively. In
general the exact forms of functions f(-) and ¢(-) are not known and solutions
must be found by numerical solution of the equations (2), (3) and (4) over

1To be precise, the orginal model proposed by Sims assumed no capital depreciation
so that = 1. However, allowing some depreciation does not materially complicate the
model.



a ..nite time horizon ¢t = 1,---,T. However, for the special case where the
utility function is logarithmic (= = 1) and there is full depreciation (u = 0),
there is a simple closed-form solution (see for example Sargent (1987) p122),
which is given by

K; = aBK}; 0,

and
Ct = (1 — ozﬁ)Kt_lozGt.

This special case of the model is described in Brock and Mirman (1972) and
is known as the Brock-Mirman economy.

An analytic expression for the long-run steady state of the full model can
be evaluated by setting ¢, =0, 6, 1 = 6,1 = 0;, K;_ 1 = K, E,Cy1 = Cy,
and solving equations (2), (3) and (4). The solution is:

0 =1
K* — (%)1/(1—0& (5)
o= (P esma) - 1y (2B y1aa)

The basic problem in solving the stochastic growth model is in evaluat-
ing the nonlinear expectation in (4) and solution methods can be broadly
divided into three approaches according to how they do this. In the ..rst
approach, the continous shocks from the original problem are discretised so
that the expectation can be evaluated numerically and the resulting discrete
problem solved over a grid of points. By re..ning the grid, an arbitrary de-
gree of accuracy can be achieved. Tauchen (1990) applies this approach to
the stochastic growth model. A second approach involves approximation of
the original problem by a simpler problem for which a closed form solution
is readily available. The most obvious example of this approach involves the
(log-)linearisation of the model. However, a dicerent example of the same ap-
proach is the method of parameterised expectations of den Haan and Marcet
(1990) in which the expectation in (4) is explicitly approximated by a known
functional form, the parameters of which can be estimated from realisations
of the model. A third approach involves replacing the expectation in (4)
by a realised future value. This is equivalent to an assumption of perfect
foresight and is sometimes known as the assumption that expectations are
model consistent. The extended path method of Fair and Taylor (1983), im-
plemented for the stochastic growth model by Gagnon (1990), is one example
of a solution method that adopts this approach.The stacked Newton method
proposed in the next section is another such method.



3 The Stacked Newton method

Consider the general nonlinear set of equations

f(yt>yt+1>"'>yt+k>yt—1>“'>yt—p7Xt>ut;0) =0 5 t = 17"'7T

where y; is an n x 1 vector of endogenous variables in time period ¢, X; is an
m x 1 vector of current and lagged exogenous variables, f is an n x 1 vector
valued function and @ is a vector of parameters, p is the longest lag in the
model and & is the longest lead. This system represents a set of n nonlinear
equations over 7' time periods. Stacking the equations over all time periods
produces a set of nT" equations. The Jacobian matrix of this stacked system
has a special structure and looks like

[ J, FI ... F’f T
B% Js F% F’;
B ... B J .. ... -,
e (6)
Jr F%‘—l
i B -~ By Jr
where of of of
J, = 7 F;‘: 7 B;‘:
Oy 3)’2“ oy

are all matrices of dimension n x n.
The Stacked Newton method applies Newton’s method (Newton (1686))
to the stacked system. This involves iterating on the set of n’T" equations

Iy =y ) =—f(y" ") (7

where y* is the nT x 1 vector of stacked values of the endogenous variables
in iteration s. Iterations start from an initial guess at the solution, y°, and
terminate when a convergence criterion such as

y -y

max —
Y

J

<o

has been satis...ed, for some small value of «a.



3.1 The L-B-J algorithm

Each iteration of Newton’s method involves the solution of a set of n7T" equa-
tions. When either n or T is large, the Jacobian matrix J will become very
large and solution using standard methods, such as the LU decomposition
(see for example Judd (1998)), will become very expensive. Even storage of
the Jacobian matrix in computer memory will become a problem since, for
example with n7" = 5000, 191 megabytes of memory is required, and with
nT = 10000, 763 megabytes.

It can be seen from (6) that the structure of the Jacobian matrix is
very sparse with many zero elements. One possible approach, suggested by
Armstrong et al. (1998) is to make use of the general sparse matrix solution
methods explained in Duz et al. (1986) and implemented by AERE Harwell
in the MA28 library (Dua (1977))2. These methods take account of the
sparsity pattern of a matrix to reduce the required storage by only storing
non-zero elements, and to eliminate redundant calculations involving known
zero elements.

An alternative approach is the L-B-J algorithm, suggested by Lazargue
(1990) and re...ned by Boucekkine (1995) and Julliard (1996), which explicitly
takes account of the special block-band structure of the Jacobian matrix J
to solve the equations e€ciently. The method proceeds in two stages. In
the ..rst stage, the Jacobian matrix is transformed into an upper-triangular
structure, by eliminating the blocks below the diagonal by the recursion

subtract B/ x rows of block ¢ — j from rows of block ¢

from j = p*,p* — 1,---,1, where p* = min(p,t — 1) and then replacing the
block on the diagonal by the identity matrix by

premultiply rows of block ¢ by the inverse of the diagonal block J; .

This transformation proceeds, period by period from ¢ = 1 through tot = T.
Note that the only blocks that need to be stored are those corresponding to
the lead coe¢cients Fi, i = 1, - - -, k. This means that storage is reduced from
nT x nT to nT x nk. This can be reduced further by dropping any columns
in F%, corresponding to variables that never appear with a lead. Note also
that the last step in this stage is the solution of an n x n system of equations
in the transformed Jacobian block J;. Since this matrix will itself generally
be sparse, the general sparse solution methods of Dur (1977) can be applied
to this step.

In the second stage of the procedure, the upper-triangular structure is
solved recursively, going backwards in time from period 7" to period 1.

2The NAG library also includes similar versions of these routines.

5



3.2 Terminal conditions

One important issue is that of terminal conditions. Solution requires values
of the variables yr.1,-- -, yr.x, Which are outside the solution period. When
these are set to ..xed exogenous values, then they are analogous to initial
conditions and do not arect the Newton algorithm. However, terminal values
are often set according to an equation, either an automatic rule such as
constant level yry;, = yr, j = 1,---,k or constant growth rate y,,; =
yitlyi ., j=1,---,k, or an equilibrium equation deriving for example from
a steady state of the model. In general let us denote the terminal condition
by the set of equations

f(yT+j):O y jzl,,k

In this case, the Newton equations (7) needs to be supplemented by nk
rows of the form

ey —yry) = —fyssy) . J=1-k
where
Ty = [ Onx(r+j—g-1n Braj = Briy I Onxgeojn
is of dimension n x n(T + k) with

—i of

= — /L ey 1 DY q
T+j / ) ) )
ayT+j—i

Note that the terminal condition equations will be predetermined so that
only lagged variables will appear in f.

It is undesireable that the terminal conditions should play an important
part in acecting the solution. In order to assess their impact, it is possible
to extend the solution period in

4 Solving the Stochastic Growth Model

Imposing the assumption that expectations are model consistent, the three
model equations (3), (2) and (4) can be written as

In Ht = pln@t_l + &

Ct -+ Kt = Hth_lOd -+ ,UKt—l



and
G =BC (1 + b1 K71,

The ..rst of these equations is predetermined so that 6 can be solved recur-
sively, independently of the other two equations. The remaining two equa-
tions can be written in dicerent ways. One formulation is given by

Kt = Hth_lOd —+ ,uKt_l — Ct

1

Cy = [BC (1 + ol Ky h) 77

in which case the equations for C' and K need to be solved simultaneously.
Terminal values are needed for C'r,; and 67 ;.
An alternative representation, used by Gagnon (1990), is given by

(O, o+ pKy g — Ky) 7 = B0 Ko+ pKy — Ki) 7 (p+ oy KP77)

Ct = Hth_lOd + ,uKt_l — Kt'

In this second formulation, consumption does not appear in the ..rst equation
and so is a post-recursive variable that can be solved recursively once K is
determined. Thus the only variable in the simultaneous block is K. Terminal
values are required for K7, and 07,;.

5 Parameterised Expectations

The problem in solving the stochastic growth model is in ..nding the expec-
tation

Ey[yi41] (8)
in (4) where
ye = C; (a0, K7+ 1)
This expectation is a function of the state variables z; = {K;_1, 6,} but its
form is unknown. Note that on the assumption of model consistent expecta-
tions,
Eiyii1] = yegr -

den Haan and Marcet (1990) propose a general method for solving models

by approximating expectations such as (8) using a functional form

¢t(Xt; 6)



where x; is a p x 1 vector of state variables and é is a £ x 1 vector of
parameters. These parameters are chosen such as to minimise the sum of
squared residuals

T
min Y- (Y, — $i(x56))° .
t=1

This is simply a nonlinear least squares problem and can be solved using
Newton’s method by iterating on

6 =61+ (‘1'2—1‘1'8—1)_1‘1';—1(%1 - ':b(XS 65_1))

where
o
08’
is the T" x k matrix of derivatives of v» with respect to the parameters &
evaluated at iteration s — 1.

The functional form of v» should be chosen so as to be able to approximate
the expectation as closely as possible. den Haan and Marcet suggest the class
of power functions

\Ijs—lz

exp P, (In(x))

where P, is a polynomial function of degree n. With large enough n, this
class of functions can approximate any function R — R, arbitrarily well.
For the stochastic growth model they suggest

V(K 1,0 0) = 61K25E19§3 =exp Pi(In K; 1,1n6;)

but also consider higher order power functions.

den Haan and Marcet (1994) propose a test of solution accuracy that can
be applied to the method of parameterised expectations. This is implemented
by increasing the degree of the power function and testing the signi..cance of
the additional coecients.

5.1 The stochastic growth model in WinSolve

In the WinSolve model de..nition language the stochastic growth model can
be written as

Itheta = rho*ltheta( — 1) + norm(sigma”2) ; theta = exp(Itheta) ;
c = (betax cexp(l)) N —1/ tau) ; 9
k = theta * k( — 1) "alpha + mu *k( —1) — c;
cexp = C ™ —tau) * (alpha* theta* k( — 1) ~(alpha — 1) + mu) ;



where the model parameters p, «, 3, i, 7, and o have been coded as WinSolve
parameters rho, alpha, beta, mu, tau and sigma respectively. The equation
on the second line corresponds to the Euler condition (4) where cexp(1) is
the forward expectation of cexp which is de..ned by the fourth line.

This model has forward expectations and so requires a solution algorithm
that can impose consistent expectations. WinSolve has three solution meth-
ods that can be applied to this model: the Fair-Taylor method (Fair and
Taylor 1983), the Stacked Newton method (Newton 1687, Lacargue 1990,
Boucekkine 1995) and the parameterised expectations method (den Haan and
Marcet 1990, 1994). In practice, the Fair—Taylor method has problems with
highly nonlinear models and will not solve this model.

5.1.1 Parameterising expectations in WinSolve

WinSolve implements the parameterised expectations algorithm of den Haan
and Marcet (1990) through a function de..ned in the model de..nition lan-
guage. For the case of the growth model, the expectation cexp(1) can be
parameterised by replacing the second line in (9) with

¢ = (beta * parexp(cexp(l) , k( — 1),theta,1,2))™( — 1/tau) ; (10)
The WinSolve function parexp() takes arguments de..ned by

pm’exp(% Ty, Tp [7 617 o 76k] >n>p)

where y is the expectation to be parameterised, z1, - - -, x,, are the state vari-
ables, n is the order of the power function and p is the number of state vari-
ables. 6y,---,0;, represent optional initial values for the parameters of the
power function. Good initial values will improve the speed of convergence
of the method. When a model has been solved once with parameterised ex-
pectations, WinSolve will save the solution values of the parameter vector é
and will use these as starting values in subsequent solutions. This will speed
up convergence in these subsequent runs.

Note that parameterising expectations does not require a separate solu-
tion algorithm in WinSolve. The Fair-Taylor method should be selected but
the parameterised expectations algorithm will be doing all the work since,
apart from the function parexp(), the model is completely backward looking.

The model parameters have been set to the values p = .95, a = .33,
6 = .95 p=0.7 =1, and ¢ = .1 corresponding to one of the high
variance cases reported in den Haan and Marcet (1990). As can be seen,
the two solutions are nearly identical. The ..nal values for the power function
parameters in the parameterised expectation are 1.44, —.48 and —.74 which

9



(. i !

: | ‘i; il ik E’i
b g I

-': |j||r, liii ?;l: i i!u[ #j' rl'll .#!I %'F' ": im:r.\ I‘j L:l
P T
x"csum 3??(:;5; 974 1298 1622 1946 2270

Figure 1: Dynamic simulation of consumption in stochastic growth model

are very close to the results reported by den Haan and Marcet for this case
(1.44, —.49 and —.72).

5.2 Stochastic simulation

The dynamic solutions considered in the previous section are based on a
single drawing of the random shock to technology. A new drawing will gen-
erate a dizcerent solution path. Consider taking repeated dawings of ¢; in
(3), assuming a normal distribution with zero mean and variance o2. The
average of these drawings will be a consistent estimate of the expected value
of the solution path. This procedure is known as stochastic simulation and
increasing the number of drawings or replications increases its precision.

We will now do a stochastic simulation with the growth model, solv-
ing it using the parameterised expectations algorithm. The model is solved
once without shocks to estimate the parameters of the expectations function.
Then, in the stochastic replications, the expectations function is treated as
..xed and not re-estimated. This is equivalent to the assumption that agents
do not anticipate future shocks, so that the simulations are based on ratio-
nal rather than consistent expectations. Computationally, it means that the
simulations are much cheaper to perform.
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The average of the stochastic simulations is plotted as the solid line in
Figure (2) while the broken line represents a single draw dynamic solution.

Ecc I[=] E3

I I I I I
974 1298 1622 1946 2270

Figure 2: Consumption: stochastic simulation average versus one draw
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