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2.3 Introduction SURREY

The aim of this unit is to assist you in consolidating and developing your
knowledge and skills in working with the factor and remainder theorems. It
will also refresh your skills in algebraic manipulation and in solving two linear
equations simultaneously.

While studying these slides you should attempt the “Your Turn’ questions in
the slides.

After studying the slides, you should attempt the Consolidation Questions.
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2.3 Learning objectives PURREY

After completing this unit you should be able to

2.3.1  Factorise polynomial expressions

2.3.2 Divide a polynomial by a linear or quadratic factor
2.3.3 Apply the remainder theorem

2.3.4  Apply the factor theorem
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Some terminology (1)

Ildentity: a statement that two mathematical expressions
are equal for all values of their variables (symbol =).

Irreducible quadratic: a quadratic expression which
cannot be written as a product of two linear factors using
the set of real numbers, R, e.g., x* + 1 = 0. In other
words, it is a quadratic with a negative discriminant

(b? - 4ac < 0.)

Linear: a function or expression containing a variable with
a first degree power, e.g., x + 1,2x + y.
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Some terminology (2)

Polynomial: the general form of a polynomial
expression Is the sum of terms,

—q 1T .. T
n n 1
a,x" + an x a,

The highest power, n is the degree or order of the
polynomial (it is also the dominant term). The powers
In each term are non-negative. a, is called the leading
coefficient and a, Is a constant.

Quotient: the result of dividing one number (or
polynomial) by another.
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2.3.1. Factorise polynomial SURREY

expressions

Factorisation is the process of rewriting an algebraic (often a polynomial)
expression as a product of simpler, irreducible factors. The original
expression is divisible by its factors.

Eg 1, a quadratic expression can sometimes be expressed as a product of
two linear factors:

x2-2x-6 = (x — 4 + 2)

Eg 2, an irreducible quadratic is a quadratic expression that cannot be
factorised, x? + 1, for instance.

B+ x2+x+1=(2+ Dx+1)
A

I Cannot be simplified further in the'real number system I
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Note

Any polynomial with real coefficients can be written as a product
of linear factors and irreducible quadratic factors.

Most polynomials that arise in real world applications cannot be
factorised easily. Usually, though it's not our goal to factorise but
to find the roots of the polynomial. This is done numerically with
software.

Clearly, if we can factorise the polynomial manually, we can also
write down the roots. For now, we are concerned only with real
roots.

There are general algebraic solutions to cubic and quartic
polynomial equations (analogous to the quadratic formula).
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Some useful 1dentities

s e = (a-b)(a+d)
at1 24b + b” = (a:bb)y—
B s = (a4b)
= o5

2} -3ath +3ab'- IS
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Using the greatest common factor 2 >URREY
(GCF) to factorise

I. F‘(l’Ofl.SC 39(3- 9x”

Here, e can Seo thet each ferm 1s a mdﬁp(.
of 3 and xt So, 3xt is the GCF

a3~ 92 = 3x*(x -3) &

2. Factorise 225+ 2xt - 42}
In Hhis cese, 223 is be GCF
225+ 22%. 423 = 22°(24x - 2)

S 20 (x-0)(x+2) o
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Factorising by grouping

l. Factorise 1‘ -22t4 -2

The brick s b regroup terms Hhat een be
foctorised :

Rewrile as: (x°+ x) = (22* 4 2)
a(xte1) -2 (xt+1)

xS 2atix-2 = (xt)(x-2)
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Factorisation using identities

Factorise 224 - 5133 + Gx‘g’ - 213’
first, bake out e GecF, 22 :
22 ( - 3::‘9 + 315‘- 3’)

Wwe rccosm'se ”Q expremon n ”A éraéch /e
an expansion. of He form (x-¢)>, from the
(den l-ily.

Dot Gy (1131-2233 = Ia (1-3)3 »
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Using a substitution to factorise

Fackorise  x*+ 2720

[eb u= at

8
x4+ at-20 < u'+ u-20 o
A~ T
= (u+5)(u-4) /Jd//FlfCﬁfl A«/m;

\ fwo V;Wrzj 5
= (249 (—‘4U 1

2 (X4 (n=2)(n+2) p
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Factorisation summary

In general, only relatively simple expressions can be factorised
easily. We can sometimes use GCF, grouping, identities or
substitutions to help.

Trial and error may be involved!

There are other useful techniques available to us for finding any
factors of polynomial expressions and solving polynomial
equations. These will be considered next.
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Your turn! (1)

Factorise the following,

x* — 625

x*—3x3—x+3
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Solutions

x* — 625 = (x? + 25)(x? — 25)

x*—3x3—x+3=x*—x—-3x3+3
=x(x>—-1)—-3(x3-1)

= (x—3)(x* - 1)
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2.3.2. Divide a polynomial by a linear or
quadratic factor




How can we use this to solve SURREY

equations?

A podynomid P(n) (ot f)) con be wrkten

Ol

Py = d(n)a(r) + R(n)

Anﬁ vidue d 7 such that P(n)=0 «
catbed a ‘20 A Pln).




UNIVERSITY OF

o SURREY
Example — long division

9( >yt 5x -4 44— qaoh'en(-
=2 iy G — 2
o jz f e

x!-2x* 2 g
b
Suud AL : N sxl +gx -
-3 (=77 .;’ - 524 10
e dVISIT -4x 4+ 8

— 5 & remader

- = (x-2)x 5a-4) -~ /0
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Example: long division

S e
Xtl ) x3 4222 -5x -6
bt
x* -5x - 6
Tk i S
-6x -6
-6x -6

O
28 1 -5x-€ = (xiDfAtLx-€)

(2+41) (n-2)(7+3)

——

"\

The guotient factorises so we can write the
polynomial as a product of three linear factors
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Example: Long division

{Dl.\/('clﬂ— 114‘ 9(1- bx +5 6:7 22% 4 4x +5
T4/ —

“ A s
- 2x |

22*4 4245 [92% 4 0x° - =6x+ 5
1} 22t4 4245) -Qxt + 42 + 5x°) J,
Suf‘:t'*w‘ and brmg = = 423 - 53‘3'-' 6x

dowh = 6 e (_ 4‘1; : g.ll’ ’01)
e e il
~(22* + 42 ¢ 5)

Ixd-2?-6x+45 = 22*+ 4245 = X’-22+41 &
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Your turn! (2)

Divide x3 —3x?+4x—12 by x —3



UNIVERSITY OF

. SURREY
Solution

Quotient = x* + 4

Remainder =0
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2.3.3. Apply the remainder theorem

trom He first o examples, e can Sea Hat,

1. fooz 2P-Fat s 6n-2
When /'(1) Was divided 55 (n-2) U i S
was = 10 and f(2) =~ [0

2. fln)= HPpI2x' 5% -6
when fen) was divided by (ns]) fe e

was 0 and /(4) =
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The remainder theorem

/n 9ewa( when a polynomiat [n) i
divided @ (x-a), Hece It quotient , alx)
and a remacinder, R .

We can wrike, Fex) = (x-2)Gex) + R
m e case x=a, Hen fte) =

This 1s Fnown as fhe temainder thearep and

(an be :Aded afs,

..o-—«-'-" e

‘ ;(ﬂ) I.f G{IV(JCJ bﬂ (x-a) ‘
the remainder Is
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Example: Remainder theorem

D d Be congindr when 5% =-2x4+3 i
dvided Aj (39¢+2)
- S5(-%) - 2(-%)+3
= 5(4/7)4- % +3

= g‘\‘ﬁ“}}:: 5‘7/7

78 e T »



Example: Remainder theorem

B Rpress  6x it In_ 3 i fhe Lo
(2x-2>&(x)+£ , where @) and R

Cnre fo be /da,no/
6114 211.-3 = (Zn_z_)&(ﬁ)"g
3% 4+ 4 i
In-1 ﬁﬂ1427‘-3 e Qo) = 3x 4+ 4
6xat-6m1u R = )

A—

g::i brstn3= (22-2)(3x44) 45 &

———————

5
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Your turn! (3)

Find the remainder when x3 — 5x% — 2x — 5 is divided by (x + 3)
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Solution

f(=3) = (-3)*-5(-3)* = 2(-3) -5 =-71
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2.3.4. Apply the factor theorem

The factor theorem concorns the case where #He

I/ A-—a Is a 1‘44619)‘ af /’(ﬁ) Here wld ée
no remainder, e Fa)=0 and R=0

2 et B gt

for o potynomiat funckim F02)
= 0 fhen (%-2) 1c a fackr & fin)

T A T T T e T e SRb SRR s T )
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Why the factor theorem is useful

We can use the factor theorem to help us

factorise polynomials and to solve polynomial
equations!

Knowing (x — a) Is a factor means that you
also know a Is a root and vice versa.
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Example: Factor theorem

Fac/-n‘r/se‘ fm) = x’- 3x’ - 5274 Ix + 4
hence write don e Solu s te fen) = o

[(I)-‘- | =3-54344 =0 .. (x-0D 15 c factor
fC1) = | =(3)-5-3+44 = O .. (x+1)is ¢ fachr

(X-1)(n+1) = x*-1

Xi-3x-1
2 4_ 3. 2 -
X 17;4 391- inz' t3n+4 _(;(,,)(1‘41)(1-%()(4/,\.’
_3,(3_4,,243144 f('x):é-' X = /,‘/, 4,"/ |
-3x3 + 3x
g+ 4

'_*_"_’__i,—g—

/(,‘) = (n-1N(xn 4/}(21‘- 37(-4’)
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Example: Factor theorem

One roof i 3.0 =0 I 2. Find te ofler rooft

f{z): 11- 3n 4+ &

Fta)z 4 -6 4+ a =0
g = 2

&= 2 _3x 4+ 2

= (a1 - 1)
bhe obhe rat (s 2 = 1 &
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Your turn! (4)

Find all the solutionsto x3 + x4 —37x+35 =0
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Solution

Try f(1) first

f1)=14+1-374+35=0 = (x —1) is a factor
Now try f(5)

f(5)=125+25-185+35=0 = (x —5) is a factor

Finally try f(=7)

f(5) =—-343+49+4+2594+35=0 = (x+ 7) is a factor

Roots: x € {—7,1,5}
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Further examples: Factor and SURREY

remainder theorem

f, () = x+ 2 = San -7

‘;n (") = Qn

O —————— -
— —
. — P

7[1,“‘) =X an "~ [lr+é

Lm= R,




Further examples: Factor and
remainder theorem

50/%1’/2}7\;

/

}:,{N) - 7(,34- 2711'_ San "?
fn) = G+ ant - A +6

L(-1) = =1 4+2 + Sa -

K
Sa—é R
W)= $+4a-14496 =X,
4e-10= P,
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Further examples: Factor and SURREY

remainder theorem

L. Fim) = And s G- [§ s 5, gwen te amdidim,
J[(ﬁ) = f(-“) Ffimd the pa&!dé(p valusa 4 A

e - 2
202 Sat - [%a +8 = ~Zqz+ Sa 4+ Y645

O

(a+3)(6-3)=0 = a==%3

A € %”3/0)3E
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Further examples: Factor and SURREY

remainder theorem

3 36%) - 3% 4 271/7'—]37(/+q/ y 3;\/0\, th ok
(1) s a fackr o g(x) and g(G-1)=10, find pandq

gu) = 34L7P7TL =0 = g-P=-5 g

gt) =-3+L4pt4 =0 = 4+7= 1l @

(1)+(2): 2%:4_«.;9:3
? = 1l-dmmd

P=% 9=
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2.3 Summary

You should now be able to,

2.3.1  Factorise polynomial expressions

2.3.2 Divide a polynomial by a linear or quadratic factor
2.3.3  Apply the remainder theorem

2.3.4  Apply the factor theorem
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