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5.3 Introduction

The aim of this unit is to assist you in consolidating and developing your 
knowledge and skills in working with some trigonometric identities, solving 
trigonometric equations and sketching/interpreting graphs of trigonometric 
functions .

While studying these slides you should attempt the ‘Your Turn’ questions in 
the slides.

After studying the slides, you should attempt the Consolidation Questions.
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5.3 Learning checklist
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5.3 Learning objectives

After completing this unit you should be able to

5.3.1 Recall and use functions sec x, cosec x, cot x

5.3.2 Recall the graphs of sec x, cosec x, cot x

5.3.3 Solve problems involving sec x, cosec x, cot x

5.3.4 Use the Pythagorean identities.

5.3.5 Use the inverse functions arcsin x, arccos x and arctan x

and their graphs.
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5.3.1 Functions sec, cosec, cot

5

Cosecant Secant Cotangent

Provided sin(x)  0, cos(x)  0 and tan(x)  0

Third letter rule

cosec 𝑥 =
1

sin (𝑥)
sec 𝑥 =

1

cos(𝑥)
cot 𝑥 =

1

tan(𝑥)

cosec 𝑥 =
1

sin (𝑥) sec 𝑥 =
1

cos(𝑥)
cot 𝑥 =

1

tan(𝑥)
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Examples

1 1
 sec( 2 3) 2

cos( 2 3) cos( 3)


 
= = − = −

1
 cosec( 6) 2

sin( 6)



= =

1 1
 cot( 6) 3

tan( 6) 1 3



= = =



Another example

7

Work out the exact value of sec 210o

sec 2100 =
1

cos 2100

so we need to find   cos 2100

The angle 2100 lies in the third 

quadrant where cos is negative

This means:

cos 2100 = −cos 300 = −
3

2

sec 2100 =
1

− ൗ3
2

= −
2

3
= −

2 3

3

210o

30o

AS

CT
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Given that sin(A) = 4/5, where A is obtuse, and cos(B) = 3/2

where B is acute, find the exact values of:

(i) sec( ), (ii) cosec( ), (iii) cot( )A B A

Your turn! (1)
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C

AS

T

1 1 5
(i) sec( )

cos( ) 3 5 3
A

A
= = − = −

1 1
(ii) cosec( ) 2

sin( ) 1 2
B

B
= = =

1 1 3
(iii) cot( )

tan( ) 4 3 4
A

A
= = − = −

Solutions



5.3.2 Graphs of sec, cosec, cot

10

The graph of 𝑦 = sec 𝜃, 𝜃 ∈ ℝ, has symmetry in the 𝑦-axis and repeats itself every 3600

It has vertical asymptotes at all the values of 𝜃 for which cos 𝜃 = 0, i.e. at 𝜃 = 90 + 180𝑛 0



The graph of cosec
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The graph of 𝑦 = 𝑐𝑜sec 𝜃, 𝜃 ∈ ℝ, has vertical asymptotes at all the values of 𝜃 for 

which sin 𝜃 = 0, i.e. at 𝜃 = 180𝑛0, 𝑛 ∈ ℤ and repeats itself every 3600



The graph of cot
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The graph of 𝑦 = 𝑐𝑜t 𝜃, 𝜃 ∈ ℝ, has vertical asymptotes at all the values of 𝜃 for 

which sin 𝜃 = 0, i.e. at 𝜃 = 180𝑛0, 𝑛 ∈ ℤ and repeats itself every 1800



5.3.3 Solve problems involving 
sec(x), cosec(x), and cot(x)

13

 
1 1

sin( )cos( ) cosec( ) sec( ) sin( )cos( )
sin( ) cos( )

sin( )cos( ) sin( )cos( )
cos( ) sin( )

sin( ) cos( )

A A A A A A
A A

A A A A
A A

A A

 
+ = + 

 

= + = +

Example: Prove the following identity

 sin( )cos( ) cosec( ) sec( ) cos( ) sin( )A A A A A A+ = +
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Example



cos( )x

−

1

2
−

1

2

3


+

3


−

2

3


−

2

3


+ x

y

1 2
cos( )  or 

2 3 3
x x x

 
 =   =  = 

Solve sec2𝑥 = 4, −𝜋 < 𝑥 < 𝜋
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cot(2 ) 1x =

Example

for
2 2

x
 

−  

− x

y

3 4−

1

2

1

2
−

4

2
2 2

cot(2 ) 1 cos(2 ) sin(2 )

3 3
2  or 2  or 

4 4 8 8

x x

x x x

x x x x

 
 

   

−    −  

=  =

 = = −  = = −

Solve

Change the domain



Another example
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Solve the equation 4cosec2𝜃 − 9 = cot 𝜃, in the interval 0 ≤ 𝜃 ≤ 3600

Substituting 

1 + cot2𝜃 = cosec2𝜃 gives:

4 1 + cot2𝜃 − 9 = cot 𝜃

4 + 4cot2𝜃 − 9 = cot 𝜃

4cot2𝜃 − cot 𝜃 − 9 = 0

4 cot 𝜃 − 5 cot 𝜃 + 1 = 0

cot 𝜃 =
5

4
or cot 𝜃 = −1

tan 𝜃 =
4

5
or tan 𝜃 = −1

tan 𝜃 =
4

5

𝜃 = 38. 70 , 2190(3 s.f.)

as tan is positive in

quadrants 1 & 3

38. 70

38. 70

tan 𝜃 = −1
tan−1(−1) = −450

𝜃 = 1350, 3150

as tan is negative in

quadrants 2 & 4

450

450
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Your turn! (2)

Solve 2 cos 𝑥 = cot 𝑥 for 0  𝑥  2𝜋
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2 cos(x) = cos(x) / sin(x)

2 cos(x) sin(x) – cos(x) = 0

cos(x) [2sin(x) – 1] = 0

cos(x) = 0  or sin(x) =  ½ 

cos(x) = 0  x = π/2  or x = 3π/2

sin(x) = ½  x = π/6  or x = 5π/6

360o

270o

360o

30o

180o

2 cos(x) = cot(x)  for 0  x  2π

Solution



2 2 2 2
2 2

2 2 2

cos ( ) sin ( ) cos ( ) sin ( )
1 tan ( ) sec ( )

cos ( ) cos ( ) cos ( )

x x x x
x x

x x x

+
+ = + = =

2 21 tan ( ) sec ( )x x+ 

5.3.4 Solve problems using the 
Pythagorean identity

Example: prove



20

2 2 2 2
2 2

2 2 2

sin ( ) cos ( ) cos ( ) sin ( )
1 cot ( ) cosec ( )

sin ( ) sin ( ) sin ( )

x x x x
x x

x x x

+
+ = + = =

2 21 cot ( ) cosec ( )x x+ 

Example: Prove

Prove

3

2 2

cosec( )cot( )
cos ( )

cosec ( ) sec ( )

A A
A

A A


+

2
2 2 3

2 22 2 2

2 2

cos( )

cosec( )cot( ) cos( )sin ( )
sin ( )cos ( ) cos ( )

sin ( ) cos ( )cosec ( ) sec ( ) sin ( )

sin ( )cos ( )

A

A A AA
A A A

A AA A A

A A

= = =
++

Example



Prove

[1 – cos(A)][1 + sec(A)]   sin(A) tan (A)

Your turn! (3)



[1 – cos(A)][1 + sec(A)] = 1 + sec(A) – cos(A) – cos(A) sec(A) 

= 1 + sec(A) – cos (A) – 1

= sec A – cos A 

1
cos( )

cos( )
A

A
= −

21 cos ( )

cos( )

A

A

−
=

2sin ( )

cos( )

A

A
=

= sin(A) tan (A)

Solution
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5.3.5 Use the inverse functions arcsin(x), 
arccos(x) and arctan(x) and their graphs

The inverse function

performs the opposite

operation to the function.

It takes elements of the

range and maps them

back into elements of the

domain. Inverse functions

only exist for one-to-one

functions.

( ) ( )1−=  =y f x x f y

( )f x

x y

( )1−f y



Notation used for inverse trig functions

Function Inverse Alternative 

notation

𝑦 = sin𝑥 𝑦 = sin
_1𝑥 𝑦 = arcsin𝑥

𝑦 = cos𝑥 𝑦 = cos
_1𝑥 𝑦 = arccos𝑥

𝑦 = tan𝑥 𝑦 = tan
_1𝑥 𝑦 = arctan𝑥

24



y = sin-1x
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Step 1: Draw the graph of 𝑦 = sin 𝑥 , with the 

restricted domain −
𝜋

2
≤ 𝑥 ≤

𝜋

2

This is a one-to-one function, taking all values in 

the range −1 ≤ sin x ≤ 1

Step 2:  Reflect the graph of 𝑦 = sin 𝑥 in the line 𝑦 = 𝑥

The domain of arcsin 𝑥 is − 1 ≤ 𝑥 ≤ 1

and the range is  −
𝜋

2
≤ arcsin 𝑥 ≤

𝜋

2

Remember that the 𝑥 and 𝑦 coordinates of the points 

interchange when reflecting in 𝑦 = 𝑥

𝑦 = arcsin 𝑥



y = cos-1x
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Step 1: Draw the graph of 𝑦 = cos 𝑥, with the 

restricted domain , 0 ≤ 𝑥 ≤ 𝜋
Tis is a one-to-one function taking all values in 

the range −𝟏 ≤ 𝐜𝐨𝐬𝒙 ≤1

Step 2:  Reflect the graph of 𝑦 = cos 𝑥 in the line 𝑦 = 𝑥

The domain of arcos 𝑥 is − 1 ≤ 𝑥 ≤ 1
and the range is  0 ≤ arcos 𝑥 ≤ 𝜋

Remember that the 𝑥 and 𝑦 coordinates of the points 

interchange when reflecting in 𝑦 = 𝑥

y = arcos 𝑥



y = tan-1x
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Step 1: Draw the graph of 𝑦 = tan 𝑥 , −
𝜋

2
≤ 𝑥 ≤

𝜋

2

Step 2:  Reflect the graph of 𝑦 = tan 𝑥 in 

the line 𝑦 = 𝑥

The domain of arcsin 𝑥 is − 1 ≤ 𝑥 ≤ 1

and the range is  −
𝜋

2
< arctan 𝑥 <

𝜋

2

Remember that the 𝑥 and 𝑦 coordinates of the points 

interchange when reflecting in 𝑦 = 𝑥



Examples
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Work out in radians the values of:

a)   arcsin −
2

2

b) arcos −1

c)   arctan 3



Solution
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a)   arcsin −
2

2
= −

𝜋

4
= −0.785 (3 s.f.)      domain−

𝜋

2
≤ arcsin 𝑥 ≤

𝜋

2

b) arcos −1 = π = 3.14 (3 s.f.)         domain  0 ≤ arcos 𝑥 ≤ 𝜋
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arctan( 3) ?=

Your turn! (4)



Solution

31

c)   arctan 3 =
𝜋

3
= 1.05 3 s. f. domain −

𝜋

2
< arctan 𝑥 <

𝜋

2



5.3 Summary

You should now be able to

5.3.1 Recall and use functions sec x, cosec x, cot x

5.3.2 Recall the graphs of sec x, cosec x, cot x

5.3.3 Solve problems involving sec x, cosec x, cot x

5.3.4 Use the Pythagorean identities.

5.3.5 Use the inverse functions arcsin x, arccos x and arctan x

and their graphs.
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