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Abstract

This paper analyzes optimal policy in setups where both the policymaker and the private
sector have doubts about the probability model of uncertainty and form endogenous worst-
case beliefs. There are two forces that shape optimal policy results: a) the manipulation of
the endogenous beliefs of the private sector so that the forward-looking constraints that the
policymaker is facing are relaxed, b) the discrepancy (if any) in pessimistic beliefs between
a paternalistic policymaker and the private sector, which captures ultimately differences in
welfare evaluation. I illustrate the methodology in an optimal fiscal policy problem and
show that manipulation of beliefs materializes as an effort to make government debt cheaper
through the endogenous beliefs of the household. This force may lead to either mitigation
or amplification of the household’s pessimism, depending on the problem’s parameters. The
policymaker’s relative pessimism determines whether paternalism reinforces or opposes the

price manipulation incentives.
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1 Introduction

This paper analyzes the effects of model uncertainty on the design of optimal policy. Uncertainty
is pervasive, hard to quantify and difficult to act upon. Economic agents (households or firms) and
policymakers acknowledge that. They recognize that their probability models may be misspecified
and are cautious towards this model uncertainty or ambiguity.

In this paper, I put the policymaker and the private sector on equal footing and allow them both
to fear that the probability model of exogenous uncertainty is misspecified. I study optimal policy
under commitment and use the multiplier preferences of Hansen and Sargent (2001) to express
aversion to this model ambiguity.! In order to illustrate the methodology and get sharp results, I
focus on an optimal fiscal policy problem in the main text.

I consider an economy with a representative household and a policymaker (interchangeably
government ), who has no access to lump-sum taxes. The policymaker needs to finance an exogenous
stochastic stream of non-utility providing government expenditures, and can either use a linear
distortionary tax on labor income, or issue state-contingent debt. Both the policymaker and the
household have doubts about the probability model of spending shocks. The policymaker can
distrust the probability model of spending shocks more, the same, or less than the household.

This setup is useful for two distinct reasons: first, it allows us to show explicitly how to introduce
doubts about the model for both the policymaker and the private sector in a general equilibrium
economy. Second, it permits the natural distinction between the case of a benevolent planner,
who adopts the welfare criterion of the representative household, and the case of a paternalistic
government, which may doubt the model more or less than the household. This freedom in forming
the criterion of the policymaker is welcome because, in an environment with subjective uncertainty,
it is not clear anymore what the normative welfare criterion should be.

In an environment of model ambiguity, economic participants form endogenous worst-case
beliefs, which depend on their welfare objective. For example, a government and a representative
household assign high probability to low utility events, which are typically associated with high
spending shocks. Aside from this obvious pessimism, there is an additional angle in optimal policy
problems: the policymaker’s choices affect the private sector’s utility, and consequently, its worst-
case beliefs. Therefore, model ambiguity incentivizes the policymaker to ‘manage’ the private
sector’s worst-case expectations.

To see this angle in the fiscal policy problem, note that the household’s pessimistic evaluations
determine the equilibrium price of state-contingent debt, and therefore, the tradeoffs between
taxing today versus issuing debt and taxing in the future. Intuitively, the government wants to
make new debt cheaper through the household’s endogenous worst-case beliefs. In particular, the
government has an incentive to make the household assign high probability towards events where

the ‘value’ of debt, that is, debt adjusted by marginal utility, is relatively high, and low probability

1See Hansen and Sargent (2008) for a textbook treatment of ambiguity aversion and robustness.



towards events where the ‘value’ of debt is relatively low. Such a policy raises the market value
of the portfolio of government securities, relaxing the government budget and increasing welfare.
To achieve this price manipulation, the government taxes more at states of the world where the
‘value’ of debt is high, decreasing the household’s utility and increasing therefore the endogenous
probability assigned. In similar fashion, the government taxes less at states of the world where the
‘value’ of debt is low.

Hence, if the states of the world with high ‘values’ of debt are the good times of low spending,
then the government wants to tax more in good times (and less in bad times), mitigating the
household’s pessimism. Instead, the government amplifies the household’s pessimism by taxing
less in good times and more in bad times, if the ‘value’ of debt is high when spending increases. Note
that the government hedges fiscal shocks by issuing relatively more state-contingent debt against
good times, but the reduction of marginal utility in good times can actually decrease the ‘value’
of debt. Thus, it is not a priori clear if there are incentives for mitigation or amplification of the
household’s pessimism for price manipulation reasons. If we bound the reaction of marginal utility
by either assuming a curvature of the utility function that is smaller than the logarithmic case,
or an infinite Frisch elasticity of labor supply, which leads to no crowding out of consumption
(and therefore constant marginal utility), then the ‘value’ of debt remains high in good times,
incentivizing the policymaker to mitigate the household’s pessimism. Instead, if the curvature of
the utility function is high and the Frisch elasticity is finite and small, then the amplification of the
household’s pessimism is potentially possible, provided that the need for distortionary taxation is
high.

Furthermore, whenever there is disagreement between the policymaker and the private sector,
the ratio of worst-case beliefs of the household and the government plays an independent role
in the design of policy, since it reflects differences in welfare evaluation. A paternalistic govern-
ment has an incentive to tax more in states of the world that are not deemed —relative to the
household— probable, since the welfare cost of a tax is considered small in the government’s eyes.
A policymaker, who doubts the model more than the household, increases taxes in —relative to
the household— less probable good times, and decreases taxes in —relative to the household— more
probable bad times. The opposite happens if the policymaker doubts the model less than the
household. Consequently, paternalism can act either in the same direction as, or in the oppo-
site direction to the management of the household’s pessimistic expectations, depending on the
policymaker’s relative pessimism.

I utilize a small-doubts approximation that allows a full-blown, almost analytical, characteriza-
tion of optimal policy. To achieve a quantitatively relevant evaluation of the strength of pessimistic
expectation management and paternalism, I use a probability model that captures U.S. data, and
discipline the doubts of the policymaker and the household by using the methodology of detection
error probabilities. Several insights emerge. First, mitigation of the household’s pessimism is typi-

cally the relevant case, unless the curvature of the utility function is high, the Frisch elasticity very



low, and the level of debt several multiples of output. Second, when the policymaker doubts the
model more than the household, the forces of paternalism and pessimistic expectation management
reinforce each other, leading altogether to a tax rate that falls in bad times and increases in good
times. Third, the relative strength of price manipulation versus paternalism becomes important
when the policymaker doubts the model less than the household, since in that case the two forces
oppose each other. If the policymaker is -relative to the household- sufficiently confident in the
model, then paternalistic incentives dominate, whereas, if the policymaker’s doubts are close to
the household’s, price manipulation incentives dominate.

The management of the follower’s endogenous expectations in order to relax the forward-looking
constraints that the policymaker faces is an idea that transcends the fiscal policy application. In
supplementary material, I consider a broader framework with forward-looking constraints, that
nests the fiscal policy application, as well as New Keynesian or limited commitment setups, and

derive a general criterion for the mitigation or amplification of the follower’s pessimism.

1.1 Related literature

Studies in optimal policy design consider typically model uncertainty on the side of the policymaker.
A noteworthy early contribution is Tetlow and von zur Muehlen (2001), who study the effects of
unstructured and structured misspecifications on the design of policy rules. Giannoni (2002, 2007)
analyzes the design of robust Taylor rules and considers both shock and parameter uncertainty
respectively. Barlevy (2009, 2011) delves further into these issues.”

Turning to optimal policy setups where the private sector has fears of model misspecification,
the price manipulation through the management of the household’s pessimistic expectations was
first analyzed in Karantounias (2013), who considered a situation where the policymaker had
full confidence in the model, whereas the household had not. By introducing model doubts to
both the policymaker and the household, the current paper nests and generalizes the analysis
in Karantounias (2013). In particular, an in-depth analysis of the incentives for mitigation or
amplification of the household’s pessimism is provided. In addition, it is shown that pessimistic
expectation management and paternalism can act either in the same or the opposite direction with
regard to the tax rate, depending on the relative pessimism of the policymaker. A small-doubts
approximation is utilized, furnishing novel analytical and quantitative results about the behavior
of tax rates and debt in a full-blown infinite horizon economy. Last, optimal policy design under
model uncertainty is generalized in a broader framework with forward-looking constraints, and a
general criterion for mitigation or amplification of the follower’s pessimism is derived.

Other relevant contributions are Ferriere and Karantounias (2019), who study distortionary

taxation and the design of utility-providing government expenditures when there is ambiguity

2For other contributions that are motivated by robustness concerns on the side of the policymaker, see Tetlow
(2015), Cogley et al. (2008), Luo et al. (2014), Orphanides and Williams (2007) and Ajello et al. (2019).



about the business cycle, and Benigno and Paciello (2014), who study the implications of ambiguity
aversion of the representative consumer and the policymaker for the design of optimal monetary
policy. Michelacci and Paciello (2020) associate the credibility of the monetary authority actions
to the worst-case beliefs of a heterogeneous private sector, and Orlik and Presno (2018) analyze
optimal fiscal policy by dropping the commitment assumption and using the notion of sustainable
plans.

Hansen and Sargent (2012) clarify several concepts of a robust policymaker and propose a useful
nomenclature in terms of three types of ambiguity. The work of Dennis (2008) is relevant for type I
ambiguity. Type II, and type 0 ambiguity - which is how Hansen and Sargent call the formulation
of Karantounias (2013)- are nested in the current paper. Woodford (2010), Adam and Woodford
(2012) and Adam and Woodford (2021) are relevant contributions for type III ambiguity.”

Interesting applications of ambiguity aversion outside the realm of optimal policy are Benigno
and Nistico (2012), Bidder and Smith (2012), Pouzo and Presno (2016) and Croce et al. (2012), who
study respectively optimal portfolio choice in open economies, stochastic volatility, default premia
and positive fiscal policy. Molavi (2019) constructs a general theory of learning and misspecification
and Christensen (2019) explores identification and estimation of models of robust decision makers.

For a prominent example that analyzes business cycles using max-min expected utility, instead
of the smooth preferences we consider here, see Ilut and Schneider (2014). Ilut and Schneider (2023)
provide a comprehensive review of the literature of ambiguity aversion in macroeconomics and
finance. Lastly, several papers interpret survey evidence on expectations in the United States, the
United Kingdom and Germany through the lens of worst-case beliefs, strengthening the empirical
plausibility of ambiguity aversion. See respectively Bhandari et al. (2019), Michelacci and Paciello
(2023) and Bachmann et al. (2020).

1.2 Organization

Section 2 considers an economy with distortionary taxation and model uncertainty. Section 3
sets up the policy problem and derives the optimal tax rate. Section 4 analyzes the forces of the
public’s pessimistic expectations management and the paternalism (if any) of the policymaker.
Section 5 evaluates the implications of the two forces for the tax rate by utilizing a small-doubts
approximation. Section 6 concludes. Appendix A provides proofs for the fiscal policy application.
Appendix B generalizes the analysis of optimal policy design under model uncertainty in a broader
framework with forward-looking constraints. Appendix C provides the details of the small-doubts

approximation that may be of independent interest. Appendices B and C are online.

3Kwon and Miao (2017) operationalize the concepts of Hansen and Sargent (2012) in a discrete-time setup.



2 An economy with model uncertainty

Time is discrete and the horizon is infinite. We use the economy of Lucas and Stokey (1983) and
attribute fears of model misspecification to both the government (interchangeably policymaker)
and the representative household. There is a single perishable good that can be allocated to private
consumption ¢; or government consumption g;. Government consumption is exogenous, stochastic,
takes finite or countable values, and does not provide any utility. A linear production technology
uses labor as input and converts one unit of labor to one unit of good.

Let ¢' = (go, ..., g:) denote the partial history of government expenditures up to time ¢. There
is a representative consumer that is endowed with one unit of time, works h(g'), enjoys leisure
Ii(g") =1 — hi(g"), and consumes ¢;(g*) at history g* for each t > 0. The notation indicates that
the respective variables are measurable functions of ¢g*. The resource constraint of the economy

reads

ci(g') + g = hu(g"). (1)

Markets are complete and competitive. Competition makes the real wage w;(g') = 1 for all
t > 0 and any history ¢g'. The government has no access to lump-sum taxes; instead it finances
its time ¢ expenditures either by using a linear tax 7:(¢g") on labor income, or by issuing state-
contingent debt b;11(giv1,9") that is sold at price pi(gii1,9") at history g*. This debt security
pays one unit of the consumption good if government expenditures are g, next period, and zero

otherwise. The one-period government budget constraint at t is

bi(9") + g0 = (9" he(9") + D pr(Ges1, 9 )b (941, 9°)- (2)
gt+1
Equivalently, using the proper no-Ponzi game condition, we get the single intertemporal budget

o+ > alg)a <> > ald)nlg)h(g), (3)

t=0 gt t=0 gt

constraint

where ¢;(g') the history-contingent prices of Arrow-Debreu contracts that trade at ¢ = 0.

2.1 Model misspecification

The representative household and the government share a reference probability model in terms of
a sequence of joint densities m;(g") over histories g*. These densities do not coincide necessarily
with the true data-generating process. Uncertainty at ¢ = 0 has been realized, so m(go) = 1.
We use E to denote the expectation operator with respect to the reference model 7 throughout
the paper. Both the household and the government fear that the reference model is misspecified

and consider alternative probability models. We follow Hansen and Sargent (2005) and take the



alternative models to be absolutely continuous with respect to the reference model over finite time
intervals. This allows us to use the Radon-Nikodym theorem and express an alternative model as
a change of measure, that is, a non-negative random variable, that is a measurable function of g°

and a martingale with respect to 7, with unitary mean value.

Representative household. The alternative models of the household are expressed as a non-
negative random variable M;(¢'), with EM; = 1 and E;M,; ., = M,. We set the initial value of M,
to unity, since uncertainty is realized at ¢ = 0, My = 1. We can think of M, as an unconditional
likelihood ratio of the alternative density 7;(g') over the reference density m(g*). Moreover, we
can decompose M; by defining m;,1(¢"™) = My, 1(g"™)/M;(g'). The random variable my,; has
then the interpretation of a conditional likelihood ratio, and has to integrate to unity, Eym;,; = 1.
Unconditional expectations of a generic random variable X;(g") with respect to the alternative
measure 7 can be calculated as EXt = EM,X;. Conditional expectations take the form EtXtH =

Eymyp1 Xiqa.

Government. Similarly to the household, the government’s alternative models are captured by
the non-negative likelihood ratio Ny(¢") with EN; = 1, E;Ny,1 = Ny, and Ny = 1. The respective
conditional likelihood ratio is nsy1(g"™t) = Niy1 (g8 /Ni(gt), with Eyngy 1 = 1. Same comments as
previously apply for the calculation of (un)conditional expectations of a variable X; with respect

to the government’s alternative model.

2.2 Ambiguity aversion

Both the household and the government are averse to model ambiguity. We use the multiplier
preferences of Hansen and Sargent (2001) and Hansen et al. (2006), which were axiomatized by

Strzalecki (2011), to express this aversion.

Representative household. The household ranks consumption and leisure plans using the

following criterion:

min Y8 mlg ) Mi(g)U(cilg'), 1 — hi(g") + 804 Y B Y milg") Mi(gher(misa(g™))

m412>0,M¢>0 pr t=0 gt
(4)

subject to



Mt—i—l(gt—l—l) - mt+1(gt+1)Mt(gt), MO =1 (5)
Zﬂt+1(gt+1|gt)mt+1(gt+l) = 1, (6)

gt+1

where 0 < 04 < oco. The positive parameter 64 is a penalty parameter that measures fear
of model misspecification. The period utility U(e;, 1 — hy) satisfies the typical monotonicity and
concavity assumptions. We use relative entropy as a measure of discrepancies between probability

measures in (4),

el(mi1) = B nmegy =Y ma (g7 g me (") Inmega (o). (7)

gi+1

According to (4), the representative household evaluates expected utility under the alternative
probability models and shows its aversion to model ambiguity by considering the model that
furnishes the worst utility. Deviations from the reference model are penalized in terms of a measure
of discounted relative entropy. The “farther” a model is, the more it is penalized. Higher values of
the parameter 64 represent more confidence in the reference model ;. Full confidence is captured

by 6,4 = oo, which reduces the above preferences to the expected utility preferences of the Lucas
and Stokey household.

Government. Analogously, the government’s preferences are described by

Lomin > B mlg )N U elg), 1 = hulg") + B0k D B D mil(g")Nulg )z (rusa(9)) (8)

gt t=0 gt

subject to

Nt () = na(dHN(g'), No =1 (9)
Zﬂt+1(gt+1|9t)”t+1(9t+l) = 1 (10)

gt+1

where 0 < 0 < oco. The penalty parameter 6 captures the government’s confidence in the
reference probability model.

The period utility U in (4) and (8) is the same for both the household and the government.
Preferences though can differ due to different attitudes towards model misspecification. If 0 = 04,

then the government becomes a “benevolent” planner that adopts the preferences of the household.



In the case of g # 04, the government exhibits paternalism, that is, it imposes its own evaluation
of the utility that the household is deriving from a stochastic stream of consumption and leisure.
We don’t take a stance on the criterion of the government, and we allow the policymaker to doubt
the model less (Og > 04), the same (6r = 04), or more than the household (0r < 04).

2.3 The representative household’s problem

The problem of the household is

ct,ht myyp12>0,M:>0

max ~ min Z gt Z m(g" ) Mi(g") |U(cr(g"), 1 = hu(g"))

048 1 (gl mena (g7 e (9|

gt+1

subject to

> > alghaly) < ZZ% (1= 7(g")ha(g") + bo (11)

t=0 gt t=0 g
a(g') > 0,h(g") €[0,1],Vt,¢" (12)
M1 (g = mea(g™ ) Mi(gh), Mo = 1,9, ¢' (13)
D malgalg)mena(g™) = 1,vtg' (14)

gt+1

Inequality (11) is the intertemporal budget constraint of the household. The right side is the
discounted present value of after-tax labor income plus an initial asset position by that can assume

positive (denoting government debt) or negative (denoting government assets) values.

2.4 Household’s worst-case beliefs

The optimal conditional likelihood ratio that solves the minimization problem in (4) is denoted by

asterisks. It takes the exponentially twisting form

t+1) _ CXp (O-A‘/;f+1(gt+1))

- V> 0,4, 5
th+1 7Tt+1(9t+1 |gt) exp (aAVtJrl (gt+1)) ( )

m:+1 (g

where 04 = —1/04 < 0. V(¢") stands for the household’s (indirect) utility under the worst-case

measure,

‘/; = U(Ct, 1-— ht) + 5 I:Etm;k+1‘/;+1 + QAEtm:;_l In m:+1i| . (16)



Using (15) in (16) delivers a risk-sensitive recursion for V;,
V= Ulen = ) + 2 In EyfexploaVinr)). a7)

Recursion (17) connects the multiplier preferences of Hansen and Sargent (2001) to setups with
full confidence in the model, but aversion towards volatility in continuation utilities, as the risk-
sensitive preferences used by Tallarini (2000) or, for some particular parameter values, the recursive
preferences of Epstein and Zin (1989).*

Equation (15) summarizes how a cautious household forms pessimistic beliefs. The household
assigns high probability (relative to the reference model) on histories with low continuation util-
ities V;y1, and low probability on histories with high V;,;. In that sense, the household tilts its
probability assessments towards low-utility events.

Lastly, the law of motion in (13) becomes

t+1) _ exp (UAVt+1 <gt+1)) *

M (g Iy gt, I N
. D gees Te41(ge41]g") exp (04Vig1(gt1)) i(9) 0 (18)

2.5 Labor supply, asset choice and equilibrium

The labor supply of the household is determined by equalizing the marginal rate of substitution

between consumption and leisure to the after-tax wage,’

=1-7(q"). (19)
The asset choice of the household is determined by condition

Uc(g")

Qt(gt) = Btﬁt@t)Mt*(gt) U.(0) )

(20)

which equalizes the intertemporal rate of substitution between consumption at time ¢ and consump-
tion at the initial period to the price of an Arrow-Debreu contract. The price at t = 0 is normalized

to unity, go = 1. Similarly, the optimality condition when there is trade in state-contingent Arrow

4The source of the aversion to volatility is fear of model misspecification in the case of multiplier preferences,
whereas it is related to the attitudes towards time and risk in the case of recursive preferences. More generally,
the equivalence of the multiplier preferences with recursive preferences breaks down when we have multiple sources
of uncertainty, and a decisionmaker who exhibits differential ambiguity attitude towards them. See for example
Hansen and Sargent (2007) and Hansen and Sargent (2010). Richer setups allow also the distinction between risk
aversion, intertemporal elasticity of substitution and ambiguity aversion. See for example Klibanoff et al. (2005)
and Ju and Miao (2012).

5U.(g") is shorthand for U.(c;(g'),1 — hs(g*)). Same comment applies for U;(g*).
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securities takes the form

t t exp (0.4Veri(91) Ue(g")
= . 21
pt(gt+1>g ) 57t+1(9t+1|9 )th+1 7rt+1(gt+1|gt) exp (UAVtH(gtH)) Uc(gt) ( )
myi g

The expression for the equilibrium price of a state-contingent claim (21) involves the ratio
of marginal utilities, and, most importantly, the pessimistic evaluation of the likelihood of the
particular contingency, m;, ;, which depends on continuation utilities. By affecting an endogenous
object like utility, the policymaker’s choices influence the household’s worst-case beliefs, and,
ultimately, the equilibrium price of government debt. This is the core of the pessimistic expectation
management in the particular application, and a channel that was first analyzed in Karantounias
(2013).

Definition 1. A competitive equilibrium is a consumption-labor allocation (c,h), a set of worst-
case conditional and unconditional likelihood ratios (m*, M*), a price system q, and a government
policy (g, 7) such that (a) given (q,7), (¢, h) and (m*, M*) solve the household’s problem, and (b)
markets clear, so that ¢,(g") + g = hi(g")Vt, ¢".

3 Optimal policy under model uncertainty

Consider the design of optimal fiscal policy under model uncertainty.

3.1 Fiscal policy problem

The government chooses taxes and state-contingent debt at ¢ = 0 in order to maximize the gov-
ernment’s welfare criterion (8). We use the primal approach of Lucas and Stokey (1983) and posit
a policymaker who chooses under commitment allocations subject to the resource constraint (1)

and implementability constraints imposed by the competitive equilibrium.

Problem 1. The government’s problem is

o min Z i Z m(g") Ne(g") [U<Ct(9t)a 1 - ht(gt)) + 5‘9R5t(nt+1(9t+1))]

{e20.h€[0,1],M* V} n,N>0 £
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subject to

S8 mlg) Mi () U )er(’) — Uilg Yhe(g)] = Unlaolbo (22)
c(9') + g: = hi(g"), Vi, ¢' (23)
My () = P (0aVera (7)) M (g W, gt Mo = 1. (24)

D gy Tt+1(ge+1l9") exp (04 Vi (9"11))

Vi(g") = Ulei(g), 1 — hue(g")) + J% Y mes1(gigalg’) exp (04Viaa (")) Ve gt > 1(25)

gt+1

Neri(g7h) = nua(g™)Nulg'), Yt g No = 1 (26)
Zﬂt+1(9t+1|gt)nt+1(gt+1) =1,v,¢", (27)

gt+1
where (by, go) are given.’

Proof. The competitive equilibrium is characterized fully by the resource constraint, the house-
hold’s optimality conditions, the intertemporal budget constraint (11) (which holds with equality),
the law of motion of the household’s worst-case belief distortions (18), and the recursion for V; in
(17), which helps determine the pessimistic beliefs. Use (19) and (20) to substitute for prices and

after-tax wages in the intertemporal budget constraint to obtain (22). ]

The presence of the household’s endogenous pessimistic beliefs in the implementability con-
straint (22) contributes two additional implementability constraints to those already in Lucas and
Stokey (1983): the law of motion of the endogenous likelihood ratio M} in (24), and the household’s

utility recursion in (25).

3.2 Government’s worst-case beliefs

The worst-case beliefs of the policymaker are given by the optimality conditions of the minimization
problem in problem 1. The optimal conditional likelihood ratio of the government, denoted with

asterisks, takes the form

exp(orW, t+l
n:+1(gt+1) _ p( Rt t+1(g )) — 7 (28)
> gres Te+1(ge+1lg ) exp (0 rWit1(g't1))
where og = —1/0r < 0 and W, the (indirect) utility of the government under the worst-case

measure 7 - V. As expected, the government assigns, relative to the reference model, high

probability to events that provide low continuation utility Wi 4.

SWe do not exclude initial assets, by < 0, but these assets are not allowed to be so large that they can finance
spending without the use of distortionary taxation.
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Following the same steps as in the household’s minimization problem, delivers a risk-sensitive

recursion for W,
W, =Ul(ey, 1 — hy) + Uﬁ In E; exp(orWiyq). (29)
R
Belief ratio. The worst-case unconditional likelihood ratio of the policymaker has a law of

motion N}, = nj, N/, Ny = 1. Define the belief ratio A, = M} /N} as the ratio of the martingales

My over Nj. The belief ratio follows the law of motion

*
my

A — exp(0aVig1)/Eyexp(0aVig1)
-1 =

A, =
Y exp(orWit1)/Erexp(orWii1)

AN, t>1 (30)
with Ag = 1, and V; and W, following recursions (17) and (29) respectively. The ratio A; captures
the disagreement that the household and the policymaker have about the likelihood of a particular
contingency, and is, by construction, a martingale with respect to the worst-case beliefs of the
policymaker, F; 1n;A; = A;_1. A high A, denotes a history ¢' on which the cautious household
assigns a higher probability than the policymaker. Similarly, if A; is low, then the policymaker
assigns a higher probability than the household. The disagreement between the policymaker and
the household matters because it implies a different welfare ranking of competitive equilibrium
allocations. Note that if g = 04 (equivalently or = 04), the government’s utility recursion (29)
becomes the same as the household’s utility recursion (17), and therefore, we have W; = V; and
N} = M. The belief ratio becomes then identically unity, A;(¢") = 1, V¢, ¢".

3.3 Optimal tax rate

Consider first the optimal tax rate. It is useful to consider the following restriction on period
utility U (besides monotonicity and concavity), which implies that consumption and leisure are

normal goods, and helps us prove that the optimal tax rate is positive.
Assumption 1. (“Normal goods”) UyU. — Uy,U; < 0 and U.U; — UyU, < 0.

Clearly, if U, > 0, assumption 1 is satisfied.” Let ® > 0 denote the multiplier on the imple-
mentability constraint (22), which we call the marginal cost of (distortionary) taxation, and let &,

denote the (scaled by N;) multiplier on the household’s utility recursion (25) in problem 1.%

Proposition 1. (“Optimal taz rate”)
The optimal tax rate fort > 1 is

"We take the inequalities in assumption 1 to hold weakly when we treat the case of quasi-linear utility or infinite
Frisch elasticity in later sections.
8See the Appendix for the Lagrangian of the policy problem.
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S DA (€cet + €cht + €nnt + €ncit)
= ~
1 + ft -+ @At(l + €Ehh,t + Ehc,t)

(31)

where €y = —Ucclt/Ue, €cnt = Uahy/Ue, €pny = —Unhi/U; and €pey = Uqc /Uy, the own and
cross elasticities of marginal utility of consumption and marginal disutility of labor respectively. If

Assumption 1 holds, then the tax rate is positive, Ty > 0.
Proof. See Appendix A. n

Relative to the full-confidence environment of Lucas and Stokey (1983), the formula for the
optimal tax rate has two additional variables, which are the subject of the analysis in the rest of the
paper: the variable ét, which captures the management of the household’s endogenous pessimistic
expectations, and the belief ratio A;, which captures the paternalism (if any) of the policymaker.
To see that, shut down doubts about the model, (cg = 04 = 0). In that case, there is no room for
the policymaker to manipulate the worst-case beliefs of the household through V;, so the multiplier
on the household’s utility recursion has to be zero, ét = 0. Furthermore, for cg = 04 = 0, we have
N; = M} =1, so the belief ratio becomes identically unity, A, = 1,V¢ > 0. With full confidence
in the model, the optimal tax rate depends only on the marginal cost of distortionary taxation ®,
which would be zero if lump-sum taxes were available, and on the curvature of the period utility
function, as captured by the elasticities €;;,%, 7 = ¢, h. Consequently, any variation in the tax rate
in the full-confidence economy is coming from variation in elasticities.

Consider for example power utility functions with either constant, or varying Frisch elasticity,
as in Aiyagari et al. (2002).

Example 1. Power function in (c,h): Let U(c,1—h) = €= B

=~ Ohirg, - The optimal tax rate s

S PAL(y + ¢n)

P = —— : (32)
14+ &+ A1+ )

Example 2. Power function in (c¢,1): Let U(e,l) = cl:,;l + allti;l. The optimal tax rate is

- (I)At(ﬁ)/ + wlﬁt}hj

- . 33
L+& + QA (1 + o) (33)

Example 1 is the typical example that furnishes perfect tax-smoothing if op = o4 = 0, since
elasticities are constant. In that case, the tax rate is 7, = 7 = ®(y + ¢n) /(1 + ©(1 + ¢4)), where
® corresponds to the marginal cost of taxation in the full-confidence economy.

With ambiguity though (cr < 0,04 < 0), in addition to the elasticity channel, which is

inactive in example 1 but active in example 2, there is variation in the tax rate coming from ét, if
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we have a benevolent policymaker (or = 04 < 0), since then A; = 1,V¢. Obviously, in the case of
paternalism, (og # 04 < 0), there is further action in the tax rate coming from the belief ratio
A;. In the extreme case of a government that doubts the model (og < 0), but of a household
that does not (04 = 0), then we have no manipulation of the worst-case beliefs of the household

(ét = 0), and any novel action in the tax rate would come only from the belief ratio, that simplifies

to At = 1/Nt*'9

4 Belief manipulation and disagreement

Let’s analyze now the variables & and A;, which can be also interpreted as state variables that

summarize the history of shocks.'”

4.1 Pessimistic expectation management
4.1.1 Law of motion of &

The multiplier & on the household’s utility recursion captures the shadow value of increasing the
household’s utility, revealing how the policymaker wants to manage the household’s endogenous
pessimistic expectations. Clearly, ét would assume a zero value if the household’s beliefs were

exogenous. Its law of motion is given by the first-order condition with respect to V,

*
my

& 1,t>1,6=0. (34)

*
t

& = UAE:[Uctbt — B oymyUnby ] PNy +
e net value of reducing m .

The policymaker has no need to keep track of any utility promises at ¢ = 0 (since uncertainty
is realized at ¢ = 0), which explains why éo = 0. Moreover, as we expect, when the household
has full confidence in the model (04 = 0), there is no room for belief manipulation, even if the
policymaker has doubts, so & = 0,Vt. It is easy to see that & is a martingale with respect to the
worst-case beliefs of the policymaker m; - N}, Et_lnfgt = ét_l, a fact that induces persistence, that
would be otherwise absent.!’ So the mean value of the multiplier is zero, ENt*gt =& =0, and &
can take positive and negative values.

If we shut down paternalism and consider a benevolent government by setting ogp = o4 =7 <0,

the law of motion of & simplifies to

9The case (0r < 0,04 = 0) and the diametrically opposite case (cr = 0,04 < 0) are called respectively type II
and type 0 ambiguity in the optimal policy nomenclature of Hansen and Sargent (2012).

10To achieve that, we can employ the Marcet and Marimon (2019) methods in order to represent the commitment
problem recursively. Details are available upon request. Karantounias (2013) used similar methods in a setup where
the government has no doubts about the model, 04 < o = 0.

'We have E; 1ni& = oa (Et—lmf [Uctbt - Et—lm:Uctbt])(I)Atfl + (Et—lmf)ftq = &1, since Et71mf[Uctbt -
Et,lm;‘Uctbt] = Etflm?Uctbt - (Etflm’{)Et,lmectbt = 0, due to Et,lm? =1.

15



ét = 5[Uctbt - Et—lm:Uctbt] o + gt—h go =0, (35)
since in that case the ratio of conditional and unconditional beliefs becomes unity, % =N\ =
1,Vt > 0.

4.1.2 Expectation management, contingent debt prices and optimal taxes

To facilitate the analysis, we use the following definition of “high-” and “low-debt” states.'?

Definition 2. Consider realizations §,q at t. We call g a “high-debt” (in marginal utility units)
state if Un(9)be(g) > EroamiUgby. We call § a “low-debt” (in marginal utility units) state, if
Uct(9)be(g) < Ermam;Uqb.

Incentives to decrease or increase utility. Let’s turn paternalism off, og = 04 = 7 < 0. Fix

=1 and assume first that é_l is at its average value, &_; = 0. By definition, at § (9),

history ¢
debt in marginal utility units is relatively high (low). Then, the law of motion (35) implies that
&(§) <0< ét(g). Consequently, since & is the shadow value of the household’s utility, we interpret
this result as a situation where the policymaker has an incentive to decrease the household’s utility

at states §, £(§) < 0, and to increase utility at states §, &(g) > 0.

Debt prices. What is the mechanism here? By decreasing V;(§) at “high-debt” states g, the
policymaker increases the respective likelihood ratio m;, that is, he makes the cautious household
assign higher probability on g. Hence, the equilibrium price of state-contingent debt increases, as
seen in (21). But g is exactly the state of the world for which debt in marginal utility units, that
is, the “value” of debt, is relatively high. So, the policymaker tries to increase the price of debt,
when he sells relatively more debt. Such a policy generates higher revenue from debt issuance,
relazing the government budget (captured by @, as seen in (35) or, more generally, in (34)) and
increasing welfare. Exactly the same logic holds for “low-debt” states §. The policymaker, by
increasing V;(g), reduces the probability mass that the household assigns on ¢ and decreases the
respective price of an Arrow security. But at states ¢ the government sells relatively less debt (or
buys assets). Thus, the price of assets bought is reduced, relaxing again the government budget.
The same intuition of manipulating the household’s beliefs to make debt cheaper (or to make
assets more profitable) goes through when we are at histories of shocks ¢g'~! that imply &a # 0.
For “high-” and “low-debt” states g and § we have ét(g) < &g < ét(g). Thus, the policymaker

decreases more (or increases less) V; at states ¢ than he will do at states g§.

1

12\We leave the dependence on the history g‘~! implicit in our notation.
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Optimal tax rate and &. How is the action in & at “high-” and “low-debt” states related to

the tax rate? We have the following claim.
Claim 1. Let ogr = 04 and let assumption 1 hold. Then, 87}/8& < 0.
Proof. See Appendix A. n

So, an increase in ft decreases the optimal tax rate. Consequently, the policymaker increases
the tax rate at high-debt states g and decreases the tax rate at low-debt states g, reducing and
increasing respectively continuation utilities, so that the overall value of the government securities

portfolio, Ey_1m;U.b;, increases.

4.2 Mitigation or amplification of the household’s pessimism

An ambiguity averse household assigns high probability to “bad” times of high spending, and low
probability to “good” times of low spending. The pessimistic expectation management we just
described targets the manipulation of equilibrium prices. How is this related to good and bad

times?

Definition 3. Fiz the history of shocks g"~1 and assume without loss of generality that g, takes
two values, gy > gr. We say that the government has an incentive to mitigate (amplify) the

household’s worst-case beliefs if &(gr) > (<)&(gL)-

Discussion. A shadow value of the household’s utility that is higher in bad times than in good
times, &(gy) > &(gL), means that the policymaker has an incentive - for price manipulation
reasons- to increase utility more in bad times than in good times. But such an action makes
the household shift probability mass from bad times towards good times, mitigating therefore the
household’s endogenous pessimism, which motivates the terminology in definition 3. The opposite
logic applies when & (gr) < &(gr).

Given the negative relationship between the tax rate and & that we saw in claim 1, definition
3 implies that in the case of mitigation (amplification), the tax rate increases (decreases) in good
times and decreases (increases) in bad times. Note that when we turn paternalism on in the next
section (or # 04), there will be additional incentives to change the tax rate in good and bad
times, stemming from the different welfare evaluation of alternative policies by the policymaker.

An immediate corollary of definition 3 is the following.

Corollary 1. If Uy(g0)bi(gr) > (<)Uct(gu)bi(gn), then ét(gH) > (<)ét(gL), so the government
mitigates (amplifies) the household’s worst-case beliefs.

Proof. 1t Uy (g1)b:(91) > (<)Uet(gm)be(gr ), then the good shock g;, coincides with the “high-debt”

(“low-debt”) state of definition 2. The conclusion is obvious from the law of motion (35). O

17



Consequently, if the “value” of debt, U,b, is negatively (positively) correlated with g;, then
we have incentives for mitigation (amplification) of the household’s pessimism. The sign of the
correlation is not clear though, because b; correlates negatively with g;, whereas marginal utility
correlates positively with g;. To see why, consider first b;. Due to the complete markets assumption,
we expect that the government hedges fiscal shocks by issuing more state-contingent debt against
good times of low shocks and less state-contingent debt against bad times of high shocks. Thus, we
expect a negative correlation of b; with g;. However, in good times consumption is high, leading to
low marginal utility. If this counteracting force is sufficiently small, then the “value” of debt, U.b;,
still remains high in good times and low in bad times, leading to a negative correlation of U.b;
with g, generating incentives for mitigation of the household’s pessimism. However, the reduction
in U, can be so large, that U.b; actually falls in good times and rises in bad times, incentivizing

the policymaker to amplify the household’s pessimistic beliefs.

Small doubts about m and ft. Thankfully, we can make further progress in the analysis of ft
and the respective incentives for mitigation or amplification by considering the impacts of small
doubts about the model. We express the relevant variables as function of the robustness parameters
0 = (og,04) and perform a first-order Taylor expansion around the full-confidence case of Lucas
and Stokey (1983), ¢ = (0,0)."® To ease notation, let z;(c) be shorthand for the endogenous
variable x;(¢", 0, 04). We use the “zero” notation, z;(0), to denote the same variable evaluated

at (og,04) = (0,0). We get the following lemma.

Lemma 1. (“Dynamics of & for small doubts about the model”)
For small doubts about the model, the law of motion of 5} (34) becomes

£(0) = &1(0) + 0a[Uas(0)04(0) — Er1U4(0)b,(0)] (0), & = 0. (36)

Proof. See Appendix C. n

Lemma 1 shows that for small doubts about the model, the dynamics of ft are determined to
first-order by the relative debt position in marginal utility units of the full-confidence Lucas and
Stokey (1983) economy, U, (0)b(0), the marginal cost of taxation of the same economy, ®(0), and
the size of the doubts of the household, 4.4

13These heuristic expansions follow the logic of Holmes (1996) and Judd (1998) in perturbing around a known
solution. The history-independence of the Lucas and Stokey allocation makes it effectively known, as it is easy to
solve. There are examples of similar in spirit expansions in terms of preference parameters in asset pricing and
portfolio choice theory by Hansen et al. (2007) and Kogan and Uppal (2002). Appendix C provides a detailed
analysis and caveats, and delves into the intricacies that are stemming from the fact that the coefficients in the
Taylor expansion are random variables.

14For small doubts, 5} becomes a martingale with respect to the reference model w. Note that or plays to
first-order no role in (36), even if the non-approximated law of motion (34) allows for a role for og through A;.
Thus, the conditions for mitigation/amplification in proposition 2, which are based on the dynamics of (36), hold
irrespective of the government’s paternalism.
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Proposition 2. (“Conditions for mitigation/amplification of beliefs”)
Let the reference model be i.i.d. or Markov with a monotone transition matriz and consider the
utility function in example 1. Let k; = g;/h; denote the share of g; in output in the full-confidence

economy. For small doubts about the model we have the following:

a) If v < 1 or if ¢, = 0, then the government has an incentive to mitigate the household’s

worst-case beliefs Vg.
b) If v > 1 and ¢y, > 0, then:

— The government has an incentive to mitigate the household’s worst-case beliefs Vg, iff

1L 1 v+ (14O -1DE)é
y=1 14+én v+ (1K)

d(0) < , where kK = min k;. (37)

— The government has an incentive to amplify the household’s worst-case beliefs Vg, iff

1 1 v+ [+ (= 1)R)én

q’(°)>v—1'1+¢h v+ (1 —R)on

, where K = max k;. (38)

Proof. Given definition 3, corollary 1 and lemma 1, it is sufficient to show that 8(Ux(0)b(0))/dg,
is negative (positive) to show mitigation (amplification). See Appendix A for the details of the
proof and for conditions for mitigation/amplification for more general utility functions that nest

also example 2. O

The conditions in proposition 2 are intuitive. If the curvature of the utility function is lower
than, or the same as the logarithmic case, v < 1, then the reduction of marginal utility never
counteracts the increased issuance of contingent debt that is payable in good times. Moreover,
in the case of infinite Frisch elasticity, ¢, = 0, labor increases one-to-one with an increase in
gi, so there is no crowding out of consumption. Marginal utility is constant since consumption
is constant. Consequently, U.(0)b;(0) is a decreasing function of g, in both cases, leading to
mitigation of the household’s pessimism.

In the case of sufficiently large curvature, v > 1, and finite Frisch elasticity, ¢, > 0, the possi-
bility of a positive reaction of U, (0)b;(0) to g; opens up, depending on the need for distortionary
taxation in the full-confidence economy, as captured by the marginal cost of taxation ®(0). Recall
from (32) that the tax rate is constant, and a monotonic function of ®(0) when op = 04 = 0,
7(0) = %. Condition (37) shows that if ®(0) is small enough, implying small taxes, then
U.(0)b:(0) reacts negatively to shocks, despite the strong response of marginal utility, leading to

mitigation. In contrast, we get amplification of the household’s worst-case beliefs when ®(0) is
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sufficiently large, as we can see in condition (38). The mechanism behind conditions (37) and (38)
has to do with the size of surpluses in bad times. If the need for distortionary taxation is high,
then surpluses in bad times can be pretty large, although they are still smaller than in good times.
Thus, the increase of marginal utility in bad times (which is large since v > 1), together with a
sufficiently large surplus, can make the “value” of surpluses, and therefore U, (0)b:(0), increase in
bad times.

Dual role of ®(0). The marginal cost of taxation ®(0) plays a dual role in the analysis.
First, and most importantly, it denotes how much the government budget is relaxed, and therefore
it captures the strength of the price manipulation motives through expectation management for
small doubts about the model, as seen in the approximated law of motion of ét in lemma 1. Second,
and only for the case of large curvature, it plays a more subtle role: it acts as an indicator of when
the “value” of debt, or else debt in marginal utility units, flips its response to shocks, reversing the
incentives for price manipulation in good and bad times. ®(0) is obviously an endogenous object
that depends on the specification of the exogenous process and on the initial conditions, among
other variables. It increases with any parameter that increases the need for distortionary taxation.
For example, it increases with the level of spending that needs to be financed and it increases with
the size of initial debt. We evaluate both roles of ®(0), and the quantitative relevance of conditions

(37) and (38) for several different parameterizations in section 5.

4.3 Paternalism

Paternalism (o0r # 04) activates the belief ratio A; in the formula for the optimal tax rate (31) in
proposition 1. Besides the incentives for expectation management, differences in welfare evaluation

affect now how tax distortions are allocated over states and dates.
Claim 2. Let or # 04 and let assumption 1 hold. Then, 01;/0A; > 0.

Proof. See Appendix A. In the same proof, we show also how claim 1 goes through when o #

gA. ]

Discussion. An increase in A; increases the tax rate 7, keeping everything else equal. The reason
behind this outcome is intuitive. An increase in A4(g") means that the household considers history
¢' more probable than the government. Given that the paternalistic government considers these
histories relatively less probable, the welfare [oss it associates with a given distortionary tax is
small. Hence, the government has an incentive to tax more states of the world that it considers less
probable (relative to the household) and [less states of the world that it considers more probable

relative to the household, due to different welfare assessments.

Relative pessimism and implications for 7,. The effects of paternalism in good and bad

times depend on the relative pessimism of the government. To see that in a transparent way, we
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use the small-doubts approximation and show that the dynamics of A; are driven by innovations
in the household’s utility of the full-confidence economy, V;(0), and the relative size of the doubts

of the government (o) and the household (o 4)."

Lemma 2. (“Belief ratio Ay for small doubts about the model”)

For small doubts about the model, the law of motion of Ay in (30) becomes
Ai(0) = N_1(0) + (04 — o) [Vi(0) — E,_1V;(0)], Ag = 1. (39)

Proof. See Appendix C. m

Fix the history of shocks g'~! (and therefore A; ;) and consider a “good,” low spending shock
that leads to a higher than average utility, V;(0) > E;_;V;(0). If the government is relatively
more pessimistic than the household, (or < 04), then the belief ratio increases, according to (39),
creating a paternalistic incentive to increase the tax rate in good times (and decrease it obviously
in bad times when V;(0) < E;_1V;(0)). A government, that is relatively more pessimistic than
the household, assigns —relative to the household— lower probability on good times and higher
probability on bad times. Thus, m;/n; increases in good times and falls in bad times. This makes
the government concentrate tax distortions on good times, that are not considered —relatively—
very probable.

The opposite happens when the government is relatively less pessimistic than the household,
or > o04. The ratio of the household’s over the government’s beliefs falls in good times and
increases in bad times, since the government assigns —relative to the household— higher probability
to good times, creating a paternalistic incentive to concentrate tax distortions on —relatively— less

probable bad times.

5 Evaluation of the two forces

We utilize further the small-doubts approximation to answer two remaining questions: a) What
is the joint impact of the forces of pessimistic expectation management (£;) and paternalism (A;)
on the ultimate object of interest, the optimal tax rate? b) What is the quantitative relevance of
the incentives for amplification/mitigation of the household’s pessimism when the curvature of the

utility function is large, as detailed in proposition 27

5 Note that A; becomes now a martingale with respect to the reference model 7, similarly to ft in lemma 1.
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5.1 Quasi-linear utility
Consider first a quasi-linear utility function

hl+¢h
1+ ¢y’

U(c,1 —h)=c— (40)

which is a subcase of example 1 for v = 0,a, = 1. By focusing on the quasi-linear case, we
have a setup where the government manipulates asset prices only through the worst-case beliefs
of the household. Given the lack of curvature in the utility function and the results of proposition
2, we already know that the government has an incentive to mitigate the household’s pessimism
for price manipulation reasons. Moreover, we get closed-form solutions in terms of the exogenous

process of spending.

Proposition 3. (“Dynamics of (ét,At) and worst-case beliefs for the quasi-linear case”)
Assume the utility function (40) and let the reference model for g; have the Wold moving average

representation

gt = pg + (L)uf, (41)

where pg > 0, (L) =Y. ;L the lag polynomial, p(5) > 0 the present value of the polynomial

coefficients, and u ~ iid(0,02).' Then, for small doubts about the model,

1. The increments of (g}, Ay) in lemmata 1 and 2 are determined by the innovation in the present

discounted value of g,
bi(0) — E1b(0) = Vi(0) — By Vi(0) = —(B, — Ey) D> Blgis] = —(B)uf (42)
i=0

2. The government’s and the household’s conditional likelihood ratios are approximately equal

to

=1+ —p(Bud, mi =1+ —p(B)ul. (43)
04

3. The government’s worst-case mean and variance of ui are approximately equal to

1 ov ()O(B) 3
%w(ﬁ)ai >0, VC”}G (ufy) = o+ EEt(“?H) ) (44)

x .9
Emngup, =

whereas the household’s worst-case mean and variance can be described by the above formulas

by replacing Op with 04 and n; ; with mj,,.

16We drop here the restriction that g lives on a countable space. We also assume that shocks have bounded
support, so that g remains positive.
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Proof. See Appendix C.
O

Proposition 3 connects the dynamics of (gt,At) in lemmata 1 and 2 directly to innovations
in the present discounted value of g, under m. The expression in (42) shows that a positive
shock in government spending reduces state-contingent debt and utility in the full-confidence
economy. Both the cautious government and the household assign higher probability mass on high
spending shocks, as seen in (43). Consequently, the worst-case conditional means of u{ for both the
government and the household are positive. In this example, the worst-case conditional variance
remains unaltered, if we assume that the reference model has zero skewness, E; (utg )2 =0.

Consider now the implied tax and debt policies.

Proposition 4. (“Tazes and debt for the quasi-linear case”)

Assume the utility function (40) and the reference process (41). Let T = % stand for

the constant full-confidence tax rate, and let h = (1 — 7)/? denote the respective full-confidence

labor. For small doubts about the model we have the following:

1. The optimal taz, tax revenues and labor follow random walks with respect to m,'7

(o) = 1ial0) = —— 0 Toa(0) + (or—0a) |e(B0d (45)
———

(1+20)(1+¢n)" L

Exp. mgmt (—)

Paternalism (—/+)

- o h 2(0)¢n o OpR— 0 uf
) =Tm) = T a0 (HMQ[ 4®(0) + (o — 74) | p(A)f (46)
h(o) = hal0) =~ e T (7Y + on = on)ela)d. (4)

where Ty = T:hy.

2. The optimal debt policy is

Th o~
bi(o) = 1-8 EtZBth—&-i
i=0

~~

Lucas and Stokey debt policy

(1-p)""n ®(0)¢y, o o ¢ y
TTra0) (1+ ®(0)(1 + ¢p))° Ez][] :ifi_)+Paiejahsm/(1j]/+)<ﬂ(ﬁ)z 9. (48)

=1

Proof. See Appendix C. m

1"These non-stationary results are not to be taken at face value for the long-run; we interpret them as being
instructive for a short-run analysis starting at ¢ = 0. See Appendix C for further discussion.
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The increments in the random walks in (45)-(47) show explicitly the joint impact of pessimistic
expectation management and the paternalistic incentives of the policymaker. Consider the tax
rate in (45) and note that the innovation in the present discounted value of g; is factored out,
since it determines both the innovation in debt and in utility, according to (42). If we eliminate
paternalism, op = 04 < 0, then the tax rate increases (decreases) when there is a fall (increase)
in uf, according to (45). This is exactly what we expected, given the lack of curvature and the
negative response of government debt to spending. The government mitigates the worst-case beliefs
of the household in good times, in order to increase the price of debt sold.

Note that we use the terminology of mitigation (or amplification) and the respective definition
3 exclusively for the pessimistic expectation management through &, even when we consider a
paternalistic policymaker (og # 04). The paternalistic incentives, captured in the second term of
the increment in (45), can either reinforce or oppose the incentives for price manipulation through
expectation management. If the government is more pessimistic than the household (og < 04 <0
or, equivalently, og/o4 > 1), the relatively pessimistic government wants to put less tax distortions
on bad times and more on good times for paternalistic reasons. Hence, the two forces act in the
same direction, reinforcing each other and magnifying the total negative effect of spending on the
tax rate, as seen in (45).

When the government is less pessimistic than the household, (og > 04, or equivalently,
or/oa < 1), the two forces oppose each other, since there is a paternalistic incentive to put
higher taxes on bad times. The net effect of an increase of spending on the tax rate depends on
how much the government budget is relazed through the manipulation of equilibrium prices via the
household’s beliefs, as captured by ®(0), and on the strength of the government’s and household’s
doubts, og/oa. If ®(0) > 1 — or/04, the price manipulation though expectation management
dominates, and the tax rate falls in bad times of high spending and increases in good times of low
spending, leading to a negative net effect of spending on the tax rate. If ®(0) < 1 — or/o4, then
the paternalistic incentives of the less pessimistic government dominate, leading to a positive net
effect of spending on the tax rate.

To conclude, tax revenues in (46) reflect the behavior of the optimal tax rate in (45), whereas
labor in (47) is the opposite image of the tax rate; when the tax rate increases, labor decreases.
The Lucas and Stokey component in the optimal debt policy (48) reflects the typical fiscal hedging
that the government conducts with state-contingent debt. The second component in (48) reflects
the behavior of the tax rate in (45); higher taxes against a contingency are accompanied by higher

issuance of state-contingent debt.

5.2 Quantitative implications of an example with curvature

For a quantitatively relevant evaluation of the two forces, we need to turn the curvature of the

utility function in example 1 back on, to calibrate carefully parameters (og,04) with detection
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error probabilities, and to use a reference model m and a level of initial debt that depict well the

data, so that we have good estimates of the need for distortionary taxation.

Proposition 5. (“Taz rate for the constant Frisch elasticity case”) For the wutility function of

example 1, the optimal tax rate for small doubts becomes

D(0)(y + ¢n) [

T D0) (1t o)) hA e (00(0) — B aUan(0)8:(0) (0)

N J/

~
Exp. mgmt (—/+)

—(or — o) (Vi(0) — Et_lvt(m)],t > 1. (49)

(o) — 1-1(0)

N /.

-~

Paternalism (—/+)

Proof. See Appendix C. O

The formula for the tax rate in (49) is the generalization of (45). The history of shocks, that
would be captured by (ét_l,At_l), is embedded in 7;_;, and the tax rate becomes an additive
random walk with respect to m. The two increments, which simplified to negative innovations in
the present discounted value of spending in the quasi-linear case (see (42)), display the (possible)

tension between pessimistic expectation management and paternalism.'®

Baseline calibration. Assume that (3, ¢pn,v) = (0.96, 1, 1), so that the frequency is annual, the
Frisch elasticity of labor supply is unitary, and utility is logarithmic in consumption. Consider the

reference model g, = G exp(z{), where

v{ = pgri_y + v, (50)

with v/ ~ N(0,(1 — p2)o2), and o, the unconditional standard deviation of z{. In order to
capture well the U.S. post-war dynamics of government expenditures, we use the calibration of
Chari et al. (1994), and set p, = 0.89, o, = 0.07. We discretize the process using 7 points and
provide the implied monotone transition matrix in the Appendix.

We set G = 0.08, which implies an unconditional mean and standard deviation of g that
correspond to 20.05% and 1.40% of average first-best output respectively. The labor disutility
parameter is a, = 7.8173, which implies that the household works 40% of its available time at the

first-best when government expenditures are at their mean value. Let by = 0.2, which corresponds

18Gee results 1-5 in Appendix C for the full-blown small-doubts analysis of consumption, taxes, debt and the
marginal cost of taxation ® for any utility function that satisfies the typical concavity and differentiability assump-
tions. For a general utility function, we can see the same tension between pessimistic expectation management and
paternalism (see result 3), but we don’t have necessarily the martingale result for the tax rate. Convenient formulas
for a Markovian reference model that are used in the quantitative exercise are also provided.
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Figure 1: The top panel plots the detection error probabilities p as a function of 1/ for different samples of length
N. Indicatively, for N = 100 we have p = 44.46% and p = 41.7% for 0 = —0.5 and o = —0.75 respectively. The
bottom left panel plots the conditional likelihood ratios for ¢ = —0.5,—0.75, conditional on ¢ taking its average
value. The bottom right panel plots the reference conditional distribution 7 (¢ = 0), and the respective worst-case
conditional distributions for o = —0.5, —0.75.

to 50% of average first-best output and let the initial value of gy be set to its mean value. The

optimal tax rate in the full-confidence economy is constant and at the level of 25.23%.
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Detection error probabilities. In order to carefully discipline the doubts about the model, we
use the detection error probability methodology of Anderson et al. (2003) and Hansen and Sargent
(2008). The detection error probability is the probability of falsely rejecting a model through a
likelihood ratio test, when the data are actually generated by that model. In particular, let model
A stand for the government’s worst-case model, and let model B stand for the reference model 7.

Assume that we have a finite sample of T" periods. The detection error probabilities are

pa™ = Prob(N; < 1|data generated by the government’s worst-case model) — (51)
pe™ = Prob(N; > 1|data generated by 7). (52)

We get the detection error probability of the government by averaging between (51) and (52),
pEY = 0.5 - (pﬁo"' + ngV-), assuming that the two models have a priori the same probability.
Analogously, to get the detection error probability of the household, we use the household’s worst-
case model as model A (7 remains model B) and employ the likelihood ratio M. in the likelihood
ratio test in (51)-(52), to finally get pHo = 0.5 - (pfio™s + phievs).

If two models are very different, then the probability of a detection error is small. Instead, if
two models are hard to distinguish with finite data, then the detection error probability is high.
In order to focus on “reasonable” alternative models, Hansen and Sargent advocate to calibrate
the preference parameter o = —1/6, so that the induced detection error probability is as low as
10%.

Consider now the case of a benevolent government, with og = 04 = —0.5. This value of the
penalty parameter corresponds to relatively small doubts about the model, since the respective
detection error probability is 44.46% for samples of 100 periods length. The top panel of figure 1
plots the detection error probabilities for various values of . The bottom panels plot the worst-
case conditional likelihood ratios of the household (which are the same as the government’s) and
the respective worst-case beliefs. As expected, the ambiguity averse decision maker assigns higher

probability mass on higher values of spending shocks.!”

Pessimistic expectation management versus paternalism. The first part of proposition
2 implies mitigation of the household’s pessimism for price manipulation reasons for the baseline
logarithmic utility function (v = 1). This can be seen graphically in Figure 2, which plots the
impulse responses of &, the belief ratio A, and the tax rate 7, to a positive spending shock.

Consider first the benevolent case of 04 = og = —0.5, so that the second increment in the optimal

9The proof of lemma 2 in Appendix C shows that, to first-order, the worst-case beliefs of the household (govern-
ment) depend only on the respective preference parameter o4 (or). This property implies that we can calculate
detection error probabilities and the respective worst-case beliefs for agent i irrespective of the doubts about the
model of agent —i. Thus, we can use figure 1 for both the case of a benevolent planner and the case of a paternalistic
policymaker.
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Figur~e 2: Impulse responses to a positive one standard deviation spending shock at ¢ = 1. The top right panel
plots & that captures the expectation management. The bottom left and right panel plot respectively the belief
ratio A; and the tax rate 7, for different values of o, keeping the doubts of the household fixed at 0 4 = —0.5. The
impulse response of A; has to be zero when og = 0 4.

tax formula in (49) is absent. A positive spending shock is associated with a reduction in debt in
marginal utility units, leading to an increase in ét, and therefore a desire to increase utility in bad
times, as displayed in the top right panel of figure 2.2° Since there is no paternalism, this motive
for price manipulation through expectation management is accompanied with a reduction in the
tax rate, as seen in the bottom right panel of figure 2.

Turning paternalism on, we fix 04 = —0.5 and vary o.?! Consider first a government that
is relatively more pessimistic than the household, o < 04. A positive spending shock makes
A, fall; since the government twists its pessimism relatively more towards bad times, creating a
paternalistic incentive to decrease the tax rate in bad times. Thus, as in the quasi-linear case, the
two forces act in the same direction and reinforce each other, making the tax rate fall even more

than in the benevolent case, as seen in the bottom right panel for cg = 1.1-04 or g = 1.2 04.

20The impulse response changes value at t = 1 and at t = 2 and then it stays there forever (instead of returning to
zero), indicating the persistence of the solution. Note that the increments in (39) and (36) depend on the realization
of the shock at t — 1, since they are conditional innovations. If in our quantitative exercise we assumed an i.i.d.
reference model, this dependence would be absent, and the impulse response would remain forever at the value
assumed at ¢ = 1.

21The evolution of ét depends only on o 4 to first-order, as illustrated by (36) in lemma 1, so the impulse response
function of th in figure 2 in the paternalistic case is the same as in the benevolent case.
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Figure 3: In each economy, we calculate ®(0) for different levels of by and use markers 'o’ or ’x’ if condition (37)
or condition (38) is respectively valid. The exercise is conducted for the baseline shock specification (solid line) and
for a high spending specification (dotted line). On the y-axis we plot the respective 7(0). For each (v, ¢p), ap is
adjusted so that the household works 40% of its time at the first-best. The vertical line in each panel corresponds
to the baseline by of 50% (as share of output).

When the government is less pessimistic than the household (0 > 04), A; increases when
there is a positive spending shock, and the two increments in (49) oppose each other since the
paternalistic government wants to concentrate more tax distortions on bad times. Our quantitative
exercise allows us to evaluate the net effect of spending on the tax rate. When og = 0.9 - 04, the
price manipulation through expectation management dominates the paternalism effect, leading to
a negative net effect of spending on the tax rate. If we lower the pessimism of the government
relative to the household to og = 0.7 - 04, the paternalism effect dominates, leading to a positive

net effect of spending on the tax rate.

Incentives for amplification when v > 1?7 To see if there is potential for amplification of
the household’s pessimism when v > 1, we need to calculate the marginal cost of taxation ®(0)
and evaluate conditions (37) and (38) in proposition 2. Clearly, if amplification turns out to be
the case, our previous conclusions about the direction of the two forces are reversed. Pessimistic
expectation management commands then higher taxes in bad times and lower taxes in good times,

so the two forces would act in the same direction if the government doubts the model less than
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the household (ogr > 04). Moreover, in that case, an increase in spending would have a positive
effect on the tax rate. If the government doubts the model more than the household (or < 04),
then the two forces would act in the opposite direction, and the net effect of spending on the tax
rate would depend on their respective relative strength.

We fix the reference model to the baseline specification of Chari et al. (1994) and vary b, for four
different pairs of (7, ¢y), in order to generate values of ®(0). For each ®(0) we check if conditions
(37) or (38) hold.?> We repeat the same exercise for a high-spending specification, setting G = 0.12
and using the same process for x{ as in (50). The mean and standard deviation of g correspond
t0 30.07% and 2.11% of average first-best output respectively. We consider values v = 2 or 4 and
¢n = 1 or 10.* A higher by leads to a higher ®(0), that corresponds to a higher full-confidence
tax rate, 7(0) = o))

1+2(0)(1+¢n)
respective 7(0) (instead of ®(0)) in the four panels of Figure 3.

. To facilitate interpretation of the size of tax distortions, we plot the

Note first that for all four panels and for both spending specifications, our baseline by of
50% of output does not generate a sufficiently large marginal cost of taxation that would lead to
amplification of the household’s pessimism. Considering larger values of by, the top and bottom
left panels of figure 3 show that when ¢, = 1, for either v = 2 or v = 4, and for both spending
specifications, we are always in the case of mitigation, even for extraordinary high levels of initial
debt that reach 1500% of output.

Turning to the case of low Frisch elasticity, ¢, = 10, the response of labor is muted and
government spending crowds out consumption to a large extent, leading to a strong reaction of
marginal utility. When v = 2, the top right panel shows that for the baseline specification we
have mitigation for every shock if initial debt is smaller than 1150% of output, and amplification
for every shock if by is larger than 1300% of output. For intermediate levels of by the government
may either mitigate or amplify, depending on the shock g. For the high-spending specification, the
respective thresholds for debt are below 950% of output for mitigation and above 1200% of output
for amplification.

Similarly, for v = 4 at the bottom right panel, we find mitigation for the baseline specification
if by is smaller than 650%, and amplification if by is larger than 900%. A similar picture emerges
for the high-spending specification. We conclude that the incentives to amplify the household’s
pessimism do not seem to be quantitatively relevant for the case of v > 1, unless we consider very

large values of initial debt and very low values for the Frisch elasticity.

Empirical implications. The analysis of optimal policy in this paper is normative in nature,

without aiming to have positive explanatory power. That said, some cursory remarks concerning

3+
3=

|

*2For example, for (v,¢5) = (2,1), inequalities (37) and (38) simplify respectively to ®(0) < 3 - and

®(0) > 3 - 35,
23The Frisch elasticity for ¢;, = 10 becomes 0.1, which is consistent with the small estimates of the microeconomic

literature. See for example Keane and Rogerson (2012) and references therein.

=
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the relationship of optimal policy prescriptions to the actual data may be due. One well-known
feature of the data is the persistence of tax rates and debt.?* Moreover, Berndt et al. (2012) find
in post-war U.S. data that spending shocks have been absorbed more by increases in tax revenues
and less by reductions on the returns of government debt, in contrast to standard prescriptions
of optimal policy. Turning to our analysis, if we take the stance that the actual data has been
generated in an economy with a paternalistic policymaker that doubts the model less than the
household (o > 04), and given our analysis that mitigation of the household’s pessimism is the
relevant scenario for the current levels of government debt, then we would have a situation that
has the following three features: a) a large autocorrelation of taxes and debt that is driven by the
two martingales & and A, b) a high market price of risk due to the ambiguity aversion of the
household, c) assuming that paternalism dominates the pessimistic expectation management, a
tax rate, and therefore tax revenues, that increases in bad times of high spending and decreases in
good times of low spending, making the channel of tax revenues quantitatively more important.
All these features bring the model prescriptions closer to some aspects of the data, a fact that we

find interesting on its own.

5.3 Lessons for optimal policy in a general framework

A major idea in the paper is that doubts about the model on the side of the household incentivize
the policymaker to manage the household’s endogenous pessimistic expectations. Clearly, this idea
is relevant for any policy problem with forward-looking constraints. In Appendix B we analyze
optimal policy design in a general framework with model uncertainty where both the Stackelberg
leader and the follower have doubts about the probability model of exogenous uncertainty.?’

We use forward-looking constraints —properly augmented to reflect the doubts of the follower—
that are in the spirit of Marcet and Marimon (2019). The constraints nest the fiscal policy applica-
tion, as well as setups with multiple implementability, participation, or present-value constraints,
that are within the New-Keynesian or the limited commitment tradition.?® The basic policy pre-
scription is intuitive: the policymaker should make the follower assign more probability mass
towards states of the world which relax the forward-looking constraints that the policymaker is
facing. The direction of relaxation in the fiscal policy application is obvious — increase the value
of the government portfolio so that the government budget is relaxed— but it may not be trivial to
characterize in other setups, since it can alternate depending on the history of shocks. We derive
general conditions for the mitigation or amplification of the follower’s pessimism, that depend on

the direction of relaxation and on the correlation of ‘forward-looking’ variables (a role played by

24Gee Aiyagari et al. (2002) and Marcet and Scott (2009).

25] am grateful to an anonymous referee who suggested to explore a more general setup.

26See respectively Clarida et al. (1999), Woodford (2003), Kehoe and Levine (1993) and Aguiar and Amador
(2016).
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debt in marginal utility units in the fiscal policy problem) with shocks.?

6 Concluding remarks

We focus these remarks on future research avenues. We have not touched upon the issue of
parameter uncertainty, but the methodology developed in the current paper is suitable for such
an endeavor. Situations with multiple sources of uncertainty are particularly interesting. For
example, Hansen and Sargent (2007) develop a machinery with two risk-sensitivity operators,
that allow misspecification both within a model and learning across models. These environments
lead to fragility of the worst-case beliefs, with intriguing consequences for the market price of
risk, as Hansen and Sargent (2010) show. Optimal policy in such environments would entail the
management of the endogenous fragile learning process of the investor.?®

The current study has focused on a situation where multiple agents perturb a baseline proba-
bility model by surrounding it with a set of unstructured models, and studied the implications for
optimal policy design. More elaborate schemes of both structured and unstructured ambiguity can
be constructed, following the lead of Hansen and Sargent (2022). Furthermore, by representing
ambiguity aversion with smooth preferences, the current paper focused on how small changes in
the policy instrument lead to small changes in the worst-case beliefs of the follower. If we fol-
lowed other approaches (non-smooth or non-additive) to represent ambiguity aversion, regions of
inaction or inertia could potentially appear, as in the seminal work of Dow and da Costa Werlang
(1992). Inertial behavior would require large actions from the policymaker to induce a change in

the pessimistic beliefs of the follower. Such directions are all worthy of future research.

27For an interesting example of amplification, see a previous version of the current paper, which considers a large
firm with market power that faces a competitive fringe in an environment of ambiguity about exogenous demand
shocks. The large firm has an incentive to amplify the fringe’s worst-case forecasts of demand conditions, so that
the fringe’s production is reduced. More details can be found in Karantounias (2020).

28See Ju and Miao (2012) and Collard et al. (2018) for further applications of learning under ambiguity in asset
pricing.
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A Fiscal policy problem

A.1 Optimality conditions of the fiscal policy problem

Define for convenience

Qe,h) =U(e,1 —h)e —U(c,1 — h)h, (A.1)

which stands for the consumption net of after-tax labor income in marginal utility units as a
function of (¢, h). This object is also equal in equilibrium to the government surplus in marginal
utility units, Uy (mhy — gt)-

The Lagrangian of the fiscal policy problem is

L= Z Z 5tﬁt(9t){Nt(9t) (U(Ct(gt)7 1—1uy(g")) + BOr Z e41(ger1g )i (g) In nt+1(9t+1))

+‘I>J\4t2‘(()g;;t9(0t(gt), hi(9') = Ae(g") [c(g") + g0 — ha(g")] o
- gz;l B (el s (97) [Mt*—i—l (¢ - > mj?;f@‘ggg;;&ﬂ D) Mt*(gt)}
—&(9") [Vilg") = Ulei(gh), 1 = hulg")) — % Y w9 lg’) exp(oaVia (g™))]
—BY  m1(ges1lg")pria (g [Neya (67 — nt++1 (9" )Nulg")]
P
—ui(g) [} misa(gaalg e (9™ = 1] } = @UL(co, 1 = ho)bo,
g

with & = 0, My = Ny = 1 and (bg, go) given.

The policymaker’s minimization problem with respect to (n,N) has the same structure as
the household’s minimization problem. See Karantounias (2013) for a detailed derivation of the
household’s worst-case belief distortions in (15). The first-order necessary conditions for an interior

solution arising from the maximization problem are the following:
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et (NS(g") +&(9")Ue(g’) + DM (g")(g") = M(g'), t > 1 (A.2)
he: (NS(g') +&(9")Ui(g") — @M (g")Qn(g") = Mel(g'), t > 1 (A.3)
M7 u(gh) = Q") + 5 Z7Tt+1(9t+1|9t)m:+1(9t+l)ﬂt+1(QHI)at >1 (A.4)

gt+1

Vit Glg") = oami(g )My (9" ) pelg') = D mlgdlg mi (9 )melg')

+m;(g)&a(g" 1), t > 1 (A.5)
Co - (N(] + &))Uc(go) —+ (I)M()Qc<go) = )\0(90) + @Ucc(go)bo (A6>
ho:  —(No+&)Ui(g0) + PMoQ(g90) = —Xo(g0) — PUa(g0)bo. (A7)

Q;,i = ¢, h stand for the respective partial derivatives of Q. In (A.4) and (A.5), we used
expression (15) for the optimal conditional likelihood ratio mj,; to save notation. Optimality
conditions (28-29), (A.2-A.7), together with constraints (22-27) determine the Ramsey plan.

Let & = & /N, denote the normalized multiplier, and recall the law of motion of the belief ratio
(30) to rewrite (A.5) as

~ m* . mr ~ ~
§t =04 n”f [,Ut - Etflmtﬂt]Atfl + nf §i-1,t > 1,6 = 0. (A-8)
t t

Eliminate the multiplier y; on the household’s worst-case likelihood ratio M} by solving (A.4)
forward, and remember that Q(g") stands for the government surplus in marginal utility units. We

get

[e.9]

(") = @Ue(g)D 0 Y ahilg ) msilg D hasi(g™) = gevi] = ULg)bi(g"), (A.9)

i=0 gt+i|gt
N

J

v~

be(g)

) (ot ) ) i . N Ud(gtts . .
where ¢} ,;(¢""") = % = Bvi(91g") [ 1=, mt+j(gt+J)UU£?gt)), the equilibrium price of an

Arrow-Debreu security in terms of consumption at ¢g*. Use now p; = ®Uyb, in (A.8) to get (34) in
the text.

A.2 Proof of proposition 1

Optimal tax for ¢ > 1. Combine (A.2) and (A.3) in order to eliminate the multiplier \; and
get
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U, Nf+&— (I’Mt*%_’lf

_. =1 A.10
Uc Nt* + ft + (I)Mt*g_zz ( )
The derivatives §2;,7 = ¢, h are
Q.
Q. = U.~+U.c—Ush= o= 1 — € —€n (A.11)
Q
Q, = -U+Ush—Ujgc= F = —1 — €pp — €pe, (A12>
1

where the elasticities are defined in the body of the proposition. Divide over N/, recall that
& =& /Ny, and use (A.11) and (A.12) to rewrite (A.10) as

1 + ét + @At[l + €Ehh,t + th,t]

! —1. (A.13)
14+ &+ PAL — €cer — €cny

(]_ — Tt) :
Solve in terms of 7; to get (31) in the text.

Sign of 7,. Assumption 1 implies the following restrictions for the signs of the elasticities:

U,U.—UU < 0= e +e€n >0
U.U —-UyU, < 0= €.+ €p.>0

Thus, the numerator in (31) is positive. Furthermore, by using (A.11) and (A.12), rewrite
(A.2) and (A.3) as

- A
1+ gt + (I)At [1 — €cet T Ech,t} = U ;V* > 07 (A14)
ct4iVt
- A
1+ &+ PA, [1 + €nng + th,t} = 0, ]tv* >0, (A.15)
t4Ve

since A; > 0. Therefore, the denominator in (31) is positive according to (A.15), despite the fact

that g} can take negative values. The result follows.

Initial period. For completeness, we provide here the optimal tax rate at ¢ = 0, which may be
different due to by # 0. Use (A.6)-(A.7) to eliminate A\g and recall that No = My =1 and & = 0.

Follow the same steps as previously, to finally get
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o D ((€ceo + €neo)(1 = 2) + €nno + €cno) (A.16)
1+ (I)(l + €nno + €nco(l — lc)_g))

Rewrite (A.7) to get 1+ <I>(1 + €nno + €nco(l — ﬁ—g)) = Xo/Ujp > 0, so the denominator in (A.16)
is positive. The sign of the numerator depends on by. Under assumption 1, if initial debt is not
large enough (by/co < 1), then the numerator is positive, so 7p > 0. However, initial debt can be

so large, that we have an initial subsidy, 75 < 0.

A.3 Proofs of Claims 1 and 2

The proofs here extend the proofs of Karantounias (2013), who worked with a two-period model

and op = 0,04 < 0.

Claim 1. Let og =04 = 7 so that A; = 1. Combine (A.2) and (A.3) to get

(14 &) (Ualer, 1 = he) — U, 1 — he)) + @ [Qulcr, he) + (e, he)] = 0 (A.17)

From the resource constraint (1) we have h; = ¢ + ¢;. Differentiate implicitly (A.17) with

respect to &, taking ¢; and ® as given, to get,

oo _ Ol _Ui=Ue (A.18)
8& 6515 Kbenev.

where

Kbenev. = (1 + gt)(ycc - 2Ucl + Ull) + @ [Qcc + 2gzch + th] (Alg)

< 0 due to concavity

We work under the assumption that Kpene,. < 0. We discuss further the sign of Kpepey. in the
proof of claim 2. Note that under assumption 1 we have a positive tax rate, 7 > 0, which implies

that U. > U,. Therefore, from (A.18) we get g—g = g—}g > 0.
Differentiate the tax rate 7, = 1 — U; /U, with respect to g} to get

Unoly — UaU,) + (UgU. — UaU,
Om _ (Ueeli = Ua )t(” ”)-a—cf<0, (A.20)
8& Uc a&
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since g—? > 0, and the numerator in (A.20) is negative, due to assumption 1.

Claim 2. Let og # 04. Combine (A.2) and (A.3) to get

(1+ ft)( ol 1= hy) = Uplee, 1= hy)) + @A [Qelcr, by) + Qe )] = 0 (A.21)

Define 1, = (Uuby — Er—1m;Uqb,)®. Solve the law of motion of & in (34) backwards to get
ft = o4\H;, where H;, = ZZ 1 Mi- Thus, A, affects the dynamics of & (which is not true for small
doubts about the model- see lemma 1). Rewrite (A.21) as

(1 + O'AAth) (Uc(ct; 1-— ht) - Ul(Ct7 1-— ht)) + ®At [Qc<ct7 ht) + Qh(Ct7 ht)} = O, (A22>

and differentiate implicity with respect to A; to get

Do Oh G(U = Us) — PAQe + )
8At B 8At B At patern.
a2 U.—-U
2D e T Y1 A23
Athatern. ( )
where
Kpatern. = (1 + ét)(Ucc - 2Ucl + Ull) + (I)At [Qcc + 2glch + th:| (A24)

Note that Kpatern, reduces t0 Kpepeo, in (A.19) if we set o = 04. Our working assumption is

that Kpatern. < 0. Given that U. > U;, we have gf\t = aht < 0. Similarly to (A.20), we have

or,  (Ueli — UaU) + (UnU, — Ualy) Og
an, 02 A,

> 0. (A.25)

To see how claim 1 goes through, implicitly differentiate (A.21) to get 2 a‘ft = Ule 0 and

Kpatcrn
ok}

therefore 9% < 0, using (A.20). Note that in the paternalistic case, by partlally differentiating

with respect to ét = 04\ H; and keeping A; constant, we effectively differentiate with respect to

(04 H;), which was the relevant object in the benevolent case of or = 04; see (35). We obviously

dcr A dc(E Atsge, ‘I’)
doaHy) — 't OE;

have
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Sign of Kpatern. and examples 1 and 2. Assuming that Kpaem. < 0 (which nests the sign
of Kpenev.) imposes local concavity of the Lagrangian with respect to consumption and labor. We
consider period utility functions that satisfy this assumption. In appendix C we show that the
respective sign condition for o = 04 = 0 guarantees that the second-order conditions for the
Lucas and Stokey (1983) economy hold, and this is our working assumption for the small-doubts

approximation. We show now that examples 1 and 2 satisfy Kpatern. < 0.

Separability. At first note that Q.. = Ug.c + 2U.. — Upech, Qpn = —Uyih + 2Uy + Ugic and
Qch = th = —UCClC—QUlC—i-U”ch. Assume now Ucl =0to get Qcc = UCCCC—l-QUCC, th = _Ulllh+2Ull
and Q¢ = Qe = 0. Kpatern. simplifies to

Kpatern. = T°— Tl (A26>
T = (14&+20A,)Ue + PAUecets (A.27)
T' = —(14& +29M)Uy + PAUnhy (A.28)

Consider now a utility function that is power in ¢, ¢!=7/(1 — 7), as in examples 1 and 2. Note
that from (A.14) we get

14 &+ ®A(1—7) > 0. (A.29)

Therefore,

T¢ = —ye; "1+ & + PA(1 — )] < 0,by (A.29). (A.30)

Turning to T', note first that from (A.14) we get that 1 + ét + @Ay > PAveey. Thus, 1+ ét +
20N, > ®A(1 + €.ey) > 0. Therefore, if U is a conver function of I, then T' > 0, as we can see
from (A.28). Consequently, if the utility function is a power function in ¢ and the marginal utility
of leisure is convex, then 7°¢ < 0,7" > 0 and Kpatern. = 1T =T I < 0. U, in example 2 is convex
so this example satisfies our assumption. In the constant Frisch elasticity case of example 1, this
sufficient restriction is not satisfied, since Uy = apopn(¢n — 1)h? =2, so U, is convex (concave) if

¢n > (<)1. In that case, we calculate directly 7" to get

T' = apdnh® 1+ & + PA(1 + é1)] > 0, (A.31)

since 1 + 5} + ®A (1 + ¢p) > 0 from (A.15). Thus, we have again Kpatern. < 0.
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A.4 Conditions for mitigation or amplification

We analyze first the reaction of the surplus in marginal utility units at the optimal full-confidence

allocation. This will let us determine the behavior of U.(0)b:(0) in proposition 2.

Reaction of surplus in U, units. Let oz = 04 = 0 and drop the “zero” notation. The optimal
wedge in (A.21) reduces to (U, — U;) + ®(Q + Q) = 0, since & = 0 and A, = 1. Using the
resource constraint (1), we determine consumption and labor as functions of g and @, ¢ = ¢(g, @)
and h = h(g,®). This is obviously the history-independent Lucas and Stokey (1983) allocation.
Let S(g,®) denote the surplus in marginal utility units as function of (g, ®), S(g,®) =
Uce(g,®),1 — h(g,®)) — Ulc(g, ®),1 — h(g, ®))h(g, P). Differentiate with respect to g to get

oS dc oh
= = Qe+ Qe
dg dg + h(‘?g
Dee 0, Uyohy
— ltU.ag U UL dg
dc oh
- Uc [(1 — €cc — 6ch)a_g — (1 + €pp, + 6hc)(l - T)a—g}, (A32)
where we used U;/U. = 1 — 7 and the expressions for the elasticities in (A.11) and (A.12).

Therefore,

05/09 < (=)0 i (1o )0 < Gt an+ a1 -1

5% (A.33)

Sufficient condition for 05/0g < 0. Consider now the case of Uy > 0, so that €., €. > 0 and
let dc/0g < 0 and Oh/Jg > 0, as we may expect. Then, if the curvature of the utility function is

not sufficiently large,

€ee + €cn < 1, (A.34)

condition (A.33) implies that 05/0g < 0,Vg. Thus, the elasticity condition (A.34) is a sufficient

condition for the negative reaction of surplus to spending shocks.

Comparative statics of (c¢,h). Consider now the derivatives of the full-confidence allocation

with respect to g. We have
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Jc Uy — ®Qpp, + Uy — Qe

i A.35
dg Krs ( )
8h 80 Ucc -+ (I)QCC — Ucl + (I)th

— = —Z41= , A.36
dg dg Krs ( )

where K g is the object Kpatern, in (A.24) reduces to, when og =04 =0, Kps = (UCC —2U, +
U”) + @[QCG + 2Q + th}. As previously, we assume that Kpg < 0.

Assume now that U, = 0. The relevant expressions simplify to Kpg = Tfg — T g,

oc  Tig
99  Tig— Tés

oh  Tgg

and _— = A.37
dg Tfs - Tis ( )

where
T¢e = (14 20)U,. + e and Tly= —(1+20)Uy + ®Uyh, (A.38)
that is, the respective expressions (A.27) and (A.28) for og = 04 =0,

Examples 1 and 2. We have already proved that 7¢ < 0 and T" > 0 for our two examples,
even when there are doubts about the model. So T < 0,Ttg > 0 and Krs < 0. From (A.37) we
get then that dc/0g < 0,0h/0g > 0, and the sufficient condition (A.34) for 05/0g < 0 becomes
7<1

A.5 Proof of proposition 2

Let the shock take N values, ordered from lowest to highest, g1 < ... < gy. Given the assumptions
of the proposition, it is sufficient to determine only the sign of 9S5/dg. To see that, consider first
an i.i.d. reference model. Let y = U.b denote the history-independent debt in marginal utility
units, with y; = y(g;, ®), and let S; be shorthand for S(g;, ®) = Q(c(g;, P), h(g;, P)),i = 1,..., N.

From the dynamic budget constraint we have

yi:Si—l—ﬁZijj,i:l,...,N, (A.39)
J

so y; inherits the monotonicity properties of .S;. More generally, consider a monotone transition
matrix IT, with m; = 7(¢" = g;[g = ¢;) and 3, m;; = 1,Vi. Monotonicity of the transition matrix
means that each probability row vector m(-|7) stochastically dominates m(:|j) for ¢ > j. Thus,

we have >, o, i > > ., iV, for i > j. Monotone transition matrices are useful because they
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preserve monotonicity when they pre-multiply a monotonic vector. For example, if elements of
column vector z are increasing (r; < 25 < ... < zy), the elements of ITx are also increasing if T1

is monotone. Recursion (A.39) becomes

Yi :Si—i-ﬁijyj,i: 1,,N:>g: (I—ﬁH)_1§7 (A40)
J

where ¢ and S the respective vectors that collect y; and S;, and I the identity matrix. Use
now the following properties of monotone transition matrices as listed by Keilson and Kester
(1977): a) powers of monotone transition matrices IT¥, k = 0,1, ..., are monotone, b) convex
combinations of monotone transition matrices are monotone. Thus, (1 — 3)(I — BII)~! = (1 —
B) > i, BII' is a monotone transition matrix, as a convex combination of monotone transition
matrices. Consequently, if the elements of S are decreasing (increasing), then the elements of
(1 — B)(I— BI)~*- S are decreasing (increasing) and therefore the elements of 7 are decreasing

(increasing).?

D (y+¢n)
14+®(14+¢p)

by expression (32) in example 1 for o =04 = 0. For o = 04 =0, (A.30) and (A.31) simplify to

Sign of 05/0g. Recall that the optimal full-confidence tax rate is 7 = which is given

Tg = —70_7_1(1 +P(1 - 7)) <0 (A.41)
Tis = andph® (14 (1 + ¢p)). (A.42)

Thus, from (A.37) we get that

o e o1+ 8(1+6,)
dg L e (14 B(1 =) + duh 2 (14 (14 63))
1—7

oph (1 —7) (14 (1 + ¢p))

Yo (1 + (1= 7)) + ¢ph (1 —7)(1+ 2(1+ ¢p))
e, S (14 D(1— 1)
'yc*l( + <I>(1 — 'y)) + ¢ph~ 1(1 + o1 — fy))
onh”! (1= K)n

= _70—1 i = —7 - K)th,/i =g/h, (A.43)

and

29Tt is easy to show that when N = 2, the matrix (1 — 3)(I — BII)~! is necessarily monotone, independent of the
properties of TI. Hence, we can discard the assumption of a monotone transition matrix if we stick to N = 2.
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oh ] dc yet v

= — = = . A.44
99 g e T A+ (1-R)én (A44)
Use now (A.43) and (A.44) in condition (A.33) to get
oS . :
9 < (>)0Vg iff (1 +¢p)(1—7)+ (1 —)(1 = k)P > (<)0, Vi, (A.45)

where k; = g;/h(g;, P), i.e. the share of spending in output when the shock is g;.
Recall that the optimal tax rate in (A.45) is a function of (®,~, ¢;,). Eliminate 7, collect the

terms that involve ® and define the function

I(v, 0, @, 6) = (1 =) (L + o) [y + (L = k)] + 7+ [L4 (v — 1)k . (A.46)

Then, criterion (A.45) is expressed equivalently as 9S/0g < (>)0Vq iff I(, ¢n, P, ;) > (<)0, Vi.

a) Assume vy < 1 or ¢, = 0. Then (A.45) implies that 05/0g < 0,Vg. Some remarks are due:
for v < 1, we can skip the calculations in (A.45) and use the previous conclusions about
the elasticity condition (A.34). Moreover, if the reference model is i.i.d. or Markov with a
monotone transition matrix, v < 1 guarantees that U.b is decreasing in g also for the case
of example 2. Turning to the case of infinite Frisch elasticity (¢, = 0), the sign of 95/0¢g
can be also immediately inferred by realizing that dc/0g = 0, as seen from (A.43). Thus, S

decreases when ¢ increases, as seen from (A.33).

b) Let v > 1 and ¢, > 0. Note that 2 = ¢,(y — 1)(1 + ®(1 + ¢3)) > 0, so the function I
is increasing in k. Thus, it is sufficient to consider only the minimum share £ = min; k;
and the maximum share Kk = max; k; when we consider the reaction of S. So, we finally
get that 05/0g < 0,Vg iff I(v, ¢, P, k) > 0 and 0S5/0g > OVg iff I(~, ¢p, P, k) < 0. These
two conditions deliver (37) and (38) respectively in the text, where we revert to the “zero”

notation.

A.6 Details about the quantitative example

We use the Rouwenhorst method to discretize the process for zf in (50) with 7 points. The vector

29 and the respective transition matrix are
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~0.1715 |
—0.1143
—0.0572
0
0.0572
0.1143

0.1715

[ 0.7122
0.0414
0.0024
0.0001
0.0000
0.0000

| 0.0000

0.2487
0.7242
0.0835
0.0073
0.0006
0.0000
0.0000

0.0362
0.2087
0.7315
0.1256
0.0145
0.0014
0.0001

0.0028
0.0242
0.1675
0.7340
0.1675
0.0242
0.0028

0.0001
0.0014
0.0145
0.1256
0.7315
0.2087
0.0362

0.0000
0.0000
0.0006
0.0073
0.0835
0.7242
0.2487

0.0000
0.0000
0.0000
0.0001
0.0024
0.0414
0.7122

(A.47)

The vector of spending shocks is § = Gexp(29), where G = 0.08. For the high-spending

specification we use the same vector ¢ and transition matrix II, but set G = 0.12. For the

calculation of the worst-case beliefs and the respective detection error probabilities, see the formulas

in Appendix C.
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B.1 Preliminaries

In this appendix, we consider a general framework where a Stackelberg leader (interchangeably
policymaker) faces some abstract forward-looking constraints that capture the optimizing behavior
of the follower (interchangeably private sector). We follow the lead of Marcet and Marimon (2019)
in the way we formalize forward-looking constraints, which allows us to consider several cases
of interest. Both the leader and the follower may doubt the probability model of exogenous
uncertainty. To focus on the design of optimal policy under model uncertainty and to avoid
notational clutter, we strip down the framework to the bare essentials: we assume that all relevant
variables are one-dimensional and we omit backward-looking variables like capital.?

Let s; capture the state of nature, which without loss of generality, lives in a finite set S,
and let s' = (s, s1,...,8;) capture the partial history up to ¢. The reference probability model
is denoted by m;(s'), and uncertainty is realized at the initial period, so m(so) = 1. Let a;(s')
denote the action of the policymaker. We think of a, as the policy instrument, or as any variable
that the policymaker may affect through its instruments (for example it could be the follower’s
consumption). In order to be feasible, actions have to live in a non-empty set A C R, which may
depend on the state s;, A(s;). As earlier in the paper, E;, denotes the conditional expectation

operator with respect to .

B.2 Full confidence in the model

To fix ideas, we start with the case of full confidence in 7. The policymaker is facing the following

generic forward-looking constraints:

f(a, s¢) + BExi1 > 0,6 >0 (B.1)
vy = fHa, 8) + BB, t > 1, (B.2)

where f°, f! real-valued functions of the action and the exogenous state.® There are several
ways to think of the forward-looking constraints (B.1) and (B.2). At first, note that the variable
2, which is a measurable function of s, captures the present value of the non-linear effects of
future actions and states through the function f!, since, by solving forward (B.2) (henceforth PV)

and imposing an asymptotic “no-bubble” condition, we get

2Tt is easy to incorporate such variables, without adding much though to our understanding of expectation
management in policy settings with model uncertainty.

3The functions f°, f! could be indexed by time ¢, or they could depend on other exogenous parameters. Any
such dependence remains implicit in our notation.



= E, Zﬁifl(am, S44i) (B.3)
i—0

For that reason, we will call z; the ‘forward-looking’ variable. Note that we can use (B.3) to
eliminate z; in (B.1) and work only with (B.1). However, it is more convenient for the analysis
to separate (B.1) and (B.2). Depending on the application, we can think of (B.1) (henceforth
(PC/IC)) as a participation, sustainability or an implementability constraint that involves the
optimality conditions of the follower, as encoded in functions f° and f!. We treat (B.1) as an
inequality constraint throughout the analysis, but more generally, we could take it as an equality

constraint, i.e. the direction at which the constraint binds could be potentially alternating.

Problem B.1. The problem of the policymaker is to choose {a;(s'), z4(s") }i0st at t =0 to mazi-

mize

Eq Z 5t7"(33t, ag, St) (B-4)
t=0

subject to (B.1) and (B.2), where a; € A(s;) and sq is given.

The real-valued function r(x,a, s¢) stands for the period return function and can depend on
both actions a; and on ;. We assume that all relevant functions r, f°, f! are “well behaved”, i.e.
continuously differentiable to whatever degree necessary, and that the constraint space is such that
a solution to problem B.1 exists. At this level of abstraction, we are not making necessarily any
convexity assumptions. We work with the first-order necessary conditions for an interior solution

of the problem, assuming that they are sufficient to characterize the problem.

‘LS’ case. Constraints (PC/IC) and (PV) are sufficiently rich to nest several examples in optimal
policy design. Of particular interest is the case where we have only one (PC/IC) constraint at
t =0, and a return function that depends only on the action and the shock, so r = r(ay, ;). This
case fits the Lucas and Stokey economy that we used in the text. To see that, set sy = ¢4, a; = ¢
and an action set A(g;) = [0,1 — g¢J. The return function is r(¢;, g:) = U(cy, 1 — ¢ — g¢). The
‘forward-looking’ variable z; in (PV) corresponds to debt in marginal utility units, x; = Uub;, and
we have f1(c,g) = U.c — U(c+ g). At t =0 we have f(co, go) = Usoco — Uro(co + go) — Ueobo-

‘NK’ case. Moreover, forward-looking constraints (PC/IC) and (PV) allow the analysis of other
commonly used setups. Assume for example that we have no (PC/IC) constraints, and that (PV)
holds for t > 0, i.e. for every period from period zero onward. Then, the setup corresponds to a

non-linear version of the typical framework used for the analysis of optimal monetary policy in

4



the New-Keynesian tradition. Think for example of x; as inflation, a; as the output gap, and the
(PV) constraint as the New-Keynesian Phillips curve. If the return function is quadratic in (¢, at)
and the f! function linear in a;, then the setup is exactly as in Clarida et al. (1999) and Woodford
(2003).

‘AA’ case. Lastly, we would could have a situation where we have multiple participation or
implementability constraints for all £ > 0, but a return function of the policymaker that does not
depend on the variable x;, so r = r(a;,s;). This would match the environment of Aguiar and
Amador (2016), who analyze issues of limited commitment & la Kehoe and Levine (1993) in open

economies, and call (B.1) sovereign constraints.’

B.3 Optimal policy with full confidence in the model

With full confidence in the model, the policymaker is determining the behavior of the forward-
looking follower by affecting expectations of x;y 1, Fyx,yq1, through the choice of future actions
asyi,1 > 1, as demonstrated by (B.3). To see that, assign multipliers S'm®;(s") and S'm(s) on
constraints (B.1) and (B.2) respectively. The first-order necessary condition for a;,¢ > 0 takes the

form

Ta(xt,at,St)‘i‘ (I)tfa?(at?‘st) + wtfc}(a’hst) = 0. (B5>
———— ————

direct effect on PC/IC  direct effect on PV

Besides calculating the direct marginal benefit or cost of action a, r,, the policymaker takes into
account how actions affect the (PC/IC) and (PV) constraints through f° and f!, with respective
shadow values ®; > 0 and ;. The law of motion of 1; is given by the first-order condition with

respect to xy,t > 1,

Yo = ru(T,ap,8) + D; 4 + (= t>1 (B.6)
—_—— ~— ~—~

direct benefit/cost  old promise through (PC/IC)  old promise through (PV)
with initial condition ¥y = 0.° As expected, the shadow value v, is determined by the direct
benefit/cost of changing z; (r,), and by taking into account how changes in current z; affect
previous expectations at ¢t — 1 for period ¢, through the (PC/IC) constraint (®;_;), and through

the (PV) constraint (¢_1). Solving (B.6) backwards, we get

4Thus, our three cases correspond respectively to 1, 0 or infinite (PC/IC) constraints.
5The first-order condition with respect to g is 7. (0, ag, so) = 0.



t t—1

Y= et Y it > 1 (B.7)
i=1 =0

Thus, under the commitment protocol that we are using, 1, cumulates the direct marginal
benefits and costs and the shadow value of all past promises from the initial period up to t — 1,
reflecting how the policymaker manipulates the expectations of the follower through the choice of

future actions. Plugging (B.7) in (B.5) hammers this point home.
The law of motion (B.6) nests several interesting cases. For the ‘LS’ case we have &, = 0Vt > 1
and 7, = 0. Then, (B.6) implies that for ¢t > 1 we have ¢y = ¢, = ... = $¢ + 1Yy = Dy, since
1y = 0. For the ‘NK’ case we have ®, = 0Vt and the law of motion of 9,, which holds now for

t > 0, becomes

Yr = 12T, ag, St) + i1, (B.10)

with ¥_; = 0, so ¢, = ZEZO ryi. Finally, for the ‘AA’ case we have r, = 0, so (B.7) becomes
Yy = Zﬁ;é ®;. In that case, ¥, just cumulates the past multipliers on the (PC/IC) constraints up
tot—1.

B.4 Doubts about the model

Consider now an environment where the leader and the follower are afraid that the probability
model 7 is misspecified. We use the same martingale machinery and notation as in section 2.2
to capture the alternative probability models of the leader, (N, n), and the follower, (M, m), with
initial values Ny = My = 1. Asterisks are used to denote the worst-case models. We utilize the
multiplier preferences of Hansen and Sargent (2001) with respective penalty parameters g > 0
and 4 > 0. We can get back to the full confidence case when the penalty parameters become
infinite.

Constraints (PC/IC) and (PV) are thought of as containing optimizing behavior on the side of
the follower. The fear of model misspecification enters through the formation of expectations. In

the background, we have in mind a follower with preferences that are characterized by the following

6Similarly, condition (B.5) becomes

ag,t>1: To(xe, ar, ¢) + o fa(ar, s¢) =0 (B.8)
ap : Ta(2t, a0, S0) + Pof2 (ao, s0) = 0, (B.9)

showing that the optimality condition at ¢ = 0 is different, due to the fact that there are no old promises that
have to be kept.



recursion’

Vi = u(wy, a, 5) + 3 migo [Etmt+1v;‘/+l + 9A€t(mt+1)}, (B.11)

mit+1>
subject to Eymy1 = 1, where g,(my41) the conditional relative entropy defined in (7). The period
return function of the follower can depend on (x4, ay, s;), similarly to the return function of the

leader, r. As usual, the worst-case conditional likelihood ratio of the follower is given by

* eXp(UA‘/;-i-l)
my, = , B.12
T Erexp(oaVin) (512
where 04 = —1/64 < 0, with an indirect risk-sensitive utility recursion
Vi = u(xy, ag, s¢) + aﬁ In E;exp(oaVig). (B.13)
A

As expected, the follower’s worst-case model assigns high probability on events that bear low

utility V;11. If necessary, we can construct the worst-case unconditional likelihood ratio recursively
from M} = m;M; |, My = 1.

The worst-case beliefs my,, alter the formation of expectations in (B.1) and (B.2):

fO(CLt, St) + 5Etmf+1xt+1 > O,t > 0 (B14>
we = [Hae, s0) + BEm; w0, t > 1. (B.15)

The fact that the worst-case beliefs of the follower are endogenous generates again a motive for
pessimistic expectation management on the side of the leader. Hence, a leader that also doubts

the model solves the following problem.

Problem B.2. The problem of a policymaker who doubts the model with penalty parameter 6r
and faces a follower who doubts the model with penalty parameter 64 is to choose at t = 0

{au(s?), 24(s") his0.st and {m;(s"), Vi(s") }is1.5t to mazimize

nt+1>0,N >0

min Ly Z 5tNt [T(xt, ag, 5¢) + BQRSt(”tH)} (B.16)
t=0

subject to (B.14) and (B.15), where the worst-case beliefs of the follower are determined by (B.12)

"This is just the equivalent recursive representation of the multiplier preferences we used in (4).



and (B.13), actions are feasible, a; € A(sy), (N,n) satisfy Nyy1 = ng1 Ny, Ng = 1, Engyq = 1,

and sy s given.

B.5 Optimal policy with doubts about the model

Disagreement and paternalism. Consider first the worst-case beliefs of the policymaker in
problem B.2. We have

* exp(orWit1)
Ny 4 = , B.17
o E, eXP(URWt+1) ( )
where o = —1/0r < 0 and W, the leader’s indirect utility, which follows recursion
Wt = T(SEt,CLt,St> -+ O_ﬁhl Et eXp(O’RWt+1>. (B18>
R

The unconditional worst-case likelihood ratio of the policymaker is given by N, = n; N, Ny =
1.

Using (B.12) and (B.17), we can form the ratio of the conditional worst-case beliefs, m;]/n;.
Consequently, we can generate the unconditional belief ratio, A; = 7:—51\15—1, Ao = 1. In contrast to
the analysis in the text, the worst-case beliefs of the leader (B.17) c;n differ from the worst-case
beliefs of the follower (B.12) due to differences either in ambiguity attitude (o # 04), or in
return functions (r # w). This richer setup implies that the case of a benevolent leader requires
both ogr = 04 and r = u. Turning now to optimal policy with doubts about the model, we have

the following proposition.

Proposition B.1. (“Managing pessimistic expectations in the general framework”) Let the mul-
tipliers ®; and &t denote the scaled (with the worst-case beliefs of the policymaker N ) multipliers
on (B.14) and (B.15) respectively. Let & denote the scaled multiplier on the utility recursion of
the follower (B.13).

e The optimality condition for actions a;,t > 0 is

ra<xt7at75t) + étua(xtaabst) + (i)tfg(CLt,St) + I;tf;(ahst) =0. (B19>
—_——

direct effect of ax on Vi

o The law of motion of V), takes the form

8We scale with NV} as a matter of convenience. We could leave the multipliers unscaled, or scale them with M},
altering the respective optimality conditions.



*
my

Q/;t = Tm(xt; ag, St) + étum(xt, Ay, St) + ¥ (i)t—l + 1/;15—1)7{; 2 ]-7 (B20>
—_——
direct effect of x+ on V4 !
with initial value QZO =0.
o The law of motion of & takes the form
- m* . - ~ m>* ~
§=o0a n: (@ — Eamy @) (Pe—1 + Y1) + n: §i-1, (B.21)
t ~~ t

net value of decreasing my

with 50 = 0. The multiplier ét s a martingale with respect to the policymaker’s beliefs m, - N},
with average value zero, and is obviously zero Yt if the follower had no doubts about the model

(O‘AZO).

Proof. See the last section B.7 for the formulation of the Lagrangian and the derivation of the
respective first-order conditions. Contrasting (B.19) and (B.20) to (B.5) and (B.6) respectively,
we see that the policymaker has also to take into account how a; and x; affect directly utility V;
(through u) and therefore the beliefs of the follower, with shadow value & O

Discussion. Model uncertainty on the side of the follower shows up in the worst-case expectation
Eym;, x4 in the forward-looking constraints (B.14) and (B.15) that the leader is facing. Hence,
in addition to the traditional managing of future expectations of x;,; through future actions that
we saw in the previous section, the policymaker is affecting also the endogenous probability mass
my,; that the follower assigns on a particular history.

The incentives of the policymaker about pessimistic expectation management are captured by
&, which has now a law of motion (B.21) that is the generalization of (34) in the text. Intuitively,
the benefit of increasing the mass on some history s should depend obviously on z;,;(s**1),
since now this particular realization has higher probability in the eyes of the follower, and on the
shadow value of the forward-looking constraints (B.14) and (B.15), which may now get relaxed
or tightened. This shadow value is obviously captured by the multipliers ®; and ¢, and this is
exactly what we show in section B.7: the shadow value of increasing mj; ; is equal to @, - (D) +1y).
Of course, states are interconnected, since probabilities have to integrate to unity, leading us to
consider the net shadow value of increasing m;, ; in (B.21).

Thus, the pessimistic expectation management in the general setup depends on the value of x;
relative to its average value, E,_ym;x;, and on the sign of the sum of the multipliers O, + &t,l,

which cumulate the shadow value of old promises, as we can see in (B.20). For example, if



Oy + Yyg > 0, (B.21) implies that the policymaker has an incentive to increase the follower’s
probability mass (by reducing V;) at states for which x, is, relatively to its average value, high.
This way the policymaker relaxes the forward-looking constraints (B.14) and (B.15). Similarly, if
the sum of the multipliers were negative, 1+ @t_l < 0, then there would be an incentive for the
leader to make the follower assign high probability on states of the world for which x; is relatively
low.

Depending on the particular application, we can provide an economic interpretation to the
direction of relaxation of the forward-looking constraints (B.14) and (B.15), captured by the pos-
itivity or negativity of the sum of the multipliers. Independent of the application, one lesson is
clear: the policymaker has always an incentive to manipulate the follower’s worst-case beliefs in

the most beneficial way, so that the forward-looking constraints are relazed.

B.6 Mitigation or amplification of worst-case beliefs

To talk about mitigation of amplification of the follower’s worst-case beliefs in the general frame-
work, assume without loss of generality that the follower’s utility is increasing in s;, everything
else equal, so that a high s captures ‘good’ times and a low s captures ‘bad’ times. We use a
similar definition of mitigation or amplification of the follower’s worst-case beliefs as in the text,

adjusting it properly for the fact that high shocks now are ‘good’.

Definition 4. Fiz the history of shocks s~ and assume without loss of generality that s, takes two
values, sg > sr. Let y;(i) denote y;(s'™', s, = s;),1 = L, H, for a generic random variable y;. We
say that the policymaker mitigates (amplifies) the follower’s worst-case beliefs if &,(H) < (>)&(L).

A shadow value of the follower’s utility that is lower in good times and higher in bad times
captures the policymaker’s incentives to reduce the follower’s utility in good times and increase it in
bad times. The opposite logic holds for amplification. We can draw the following conclusions from
the law of motion (B.21) when &1 is at its average value, which is zero, or when the discrepancy

in beliefs between leader and follower is absent.

Proposition B.2. (‘Mitigation or amplification in the general framework’)
o Fix the history of shocks s'~! and assume that <i>t_1 + 1@_1 > 0.

a) Assume that &1 =0.

s« If xy(H) > x4(L), then &(H) < 0 < &(L), so the policymaker wants to mitigate the
worst-case beliefs of the follower.
« If 2(H) < (L), then &(H) > 0> &(L), so the policymaker wants to amplify the

worst-case beliefs of the follower.
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b) Assume that either the policymaker is not paternalistic (so ogr = 04 and r = u) or that
(or,04) and (Wy(H),Vi(H)) are such that m;(H) = n;(H), so the worst-case beliefs of

the policymaker and the follower happen to be the same.

s If 2(H) > 2(L), then &(H) < &_1 < &(L), so the policymaker wants to mitigate
the worst-case beliefs of the follower.
« If 2(H) < xy(L), then &(H) > &_1 > &(L), so the policymaker wants to amplify

the worst-case beliefs of the follower.

e Fiz the history of shocks s*™' and assume that d,_q + &t,l < 0. The wnequalities in the
conclusions of (a) and (b) hold in the opposite direction, reversing therefore the statements

about mitigation and amplification of beliefs.

Proof. Use the law of motion of & in (B.21). The result follows. n

B.6.1 Correlation with good shocks and the shadow value of the constraints

Proposition B.2 makes transparent that the pessimistic expectation management depends both on
the conditional dependence of x; on the shocks and on the sign of the sum of the multipliers. In
short, if the sum of the multipliers is positive (so that constraints are relaxed with increases in
x) and there is (to first order) a positive (negative) correlation of x with good shocks, then the
policymaker wants to mitigate (amplify) the worst-case beliefs of the follower, making it assign
a higher probability on good (bad) times, since this relaxes the constraints. If the sum of the
multipliers were negative, and the correlation of x with good shocks is positive (negative), then
the policymaker amplifies (mitigates) the worst-case beliefs of the follower. Table B.1 summarizes
conveniently this result. Depending on the application in hand, the sign of the conditional cor-
relation with shocks may depend on the value of parameters, or may be changing over time as a
function of the history of shocks s~!, properly captured by the respective state variables of the

commitment problem.

Table B.1: Optimal management of the follower’s beliefs.

Correlation of z with good shocks
positive negative
Sum of multipliers (¢ + 1))
positive Mitigate Amplify
negative Amplify Mitigate

This table summarizes the conclusions of proposition B.2.

11



B.6.2 On the sign of the multipliers

To delve deeper into the sign of the multipliers, solve backwards the law of motion of 1) (B.20) to
get

t—1 %

rx1+€zux1 q)z
A —.t>1 B.22
I RE DI B2

i=1 i=0 "

where 1y = 0. Therefore, the sum of the multipliers that enters (B.21) becomes

t =~

z 7 Tai + il P;
®t+¢t=AtZ++AtZK,t2 1. (B.23)
i=1 ¢ i=0 "
+/— +

The sum of multipliers has two components: a) the cumulative marginal benefit or cost to the
policymaker r,, together with the shadow value of the cumulative effect of affecting the worst-
case beliefs of the follower through changes in x, (gtux) b) the cumulative effect of relaxing the
forward-looking PC/IC constraints. The sign of the first component in (B.23) can be positive or
negative depending on the signs of r, and u,. Even if we did restrict the signs of the derivatives,
the multiplier & can still be positive or negative with mean value zero, so the sign of the first
component still remains unclear. The second component in (B.23) is necessarily non-negative,

since ®;, > 0,Vt. Consider now our three cases.

‘LS’ case. In that case there is only one (PC/IC) constraint (B.14) at ¢ = 0 and both the
policymaker’s and the follower’s return criterion are independent of x;. Thus, we have o, =
0,vt > 1 and r, = u, = 0. From (B.23) we get that the sum of multipliers for ¢ > 1 is D, + )y =
1@ = APy = APy since By = Py (recall that Ng = 1). At t = 0 we have Py + @/N)O = &, since
1;0 = 0. Thus, we are in the case of a positive sum of multipliers for all ¢ > 0, and the first part
of proposition B.2 becomes relevant. The policymaker wants to increase the probability mass on
states at which z; is relatively high. Thus, the mitigation or amplification of beliefs depends in
the ‘LS’ case only on the correlation of x with shocks.

The optimality condition for actions (B.19) becomes’

Ta(xt, Ay, St) + étua(xt, Ay, St) + Atq)()f; (at, St) = O,t Z 1, (B24>

and the respective law of motion (B.21) simplifies to

9The initial period condition is the same as in footnote 6.
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*
t

*
F&1,60 = 0. (B.25)
y

Note how the unconditional belief ratio A; re-appears in the optimality conditions of the ‘LS’
case, capturing effectively the difference in welfare evaluations between policymaker and follower,
as in the text. If we further assume that the two return functions are the same, r = u (but og

potentially different than o4), we have exactly the setup of the fiscal policy application.'

Discussion. We can re-interpret now the results about mitigation or amplification of the house-
hold’s beliefs in the main text of the paper. The respective multiplier on the implementability
constraint is the marginal cost of taxation, which is positive. Hence, the mitigation or amplifica-
tion will depend only on the correlation of the forward-looking variable x; with the ‘good’ shocks,
a result that holds more generally for setups that fit the ‘LS’ case. Recall that for the fiscal policy
application we have x; = Uyby, so (B.25) is the same as (34). The ‘good’ shocks are low spending
shocks, so a positive correlation of debt in marginal utility units with the good shocks translates
to a negative correlation of U.b; with g;. This is exactly the criterion for mitigation that we found
in the text. Proposition 2 characterizes the conditions necessary to determine the sign of this

correlation.

‘NK’ case. Consider now the case without (PC/IC) constraints, and the respective PV con-
straints (B.15) holding for ¢ > 0 . We have &, = 0, V¢ > 0, Y_1 =0, and (B.23), which holds now

for t > 0, becomes

t

ét"’&t:&t:/\tz

=0

Twi + §illy g
I v— (B.26)

The interesting feature of the ‘NK’ case is that the sign of the multiplier ¢, depends now on
the details of the application.!! Therefore, the amplification or mitigation of beliefs depends both
on the sign of the multipliers and on the correlation of x with shocks. Signing the derivatives r,
and u, may not be necessarily straightforward. For example, if we had a New-Keynesian model,
r, can be positive or negative depending on where inflation is relative to the target and this may

be changing over time depending on the history of shocks s'=!.12

10The formula for the optimal tax rate in proposition 1 is derived effectively by expressing (B.24) in terms of the
policy instrument for the case of r = u.

HUNote that depending on the application, the return functions can be the same or different. For example,
in Benigno and Paciello (2014) the firm is owned by the household, leading to a setup where r = u is natural.
Otherwise, we could have a u that reflects the profits of the price-setter, whereas r may reflect the period utility of
the consumer.

12Tn Karantounias (2020), we considered a large firm with market power which is facing a competitive fringe in an
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‘AA’ case. Finally, in the case of infinite (PC/IC) constraints and no dependence of the return

functions on z, we get from (B.23)

t =
. P,
i=0 "

Thus, the sum of the multipliers is positive, so we find ourselves in the first row of table B.1, as in
the ‘LS’ case. Only the conditional correlation of x; with the shocks will determine the incentives

to mitigate or amplify beliefs in good and bad times.

B.7 Lagrangians of the policy problems

Full confidence. Assign multipliers f'm;(s")®,(s") and S'm;(s")1(s') on (B.1) and (B.2). The
Lagrangian of problem B.1 is

L= Z ok Z () (2 (s, as(s"), s¢)

+ Z B Z mo(s") P (s") [fo(at(st)y st) + Z o1 (41 |St)l’t+1(5t+1)]

St+1

=3B mls s [(sh) = a5 50— B mea (el ().

St+1

We have included for convenience the respective (PV) constraint for ¢ = 0, although it holds
for t > 1. To accommodate that, we set )9 = 0. Note that for the ‘NK’ case we would not have
constraints (B.1), and constraint (B.2) would actually hold for ¢ > 0. In that case, the second line

in the Lagrangian above would be absent, and we would set _; = 0.

Doubts about the model. For convenience, repeat here problem B.2. A policymaker who

doubts the model chooses {a;(s") € A(st), z+(s") }1>0,st and {Vi(s"), m}(s") }i>1.5 to maximize

: t t t t t t t+1 t+1
nt+1I§39vtzotz;B Z:Wt(s )JNi(s )[T(iﬂt(s ), ai(s'), se) + 59327ft+1($t+1|8 Jn1(s) Innggq (s )]
= s St+1

environment of ambiguity about exogenous demand shocks. This application fits the ‘NK’ setup. The correlation
of the respective z; with the ‘good’ demand shocks is positive. Under some specific simplifying assumptions, the
respective multiplier 1/;,5 in (B.26) is negative, capturing the desire of the large firm to reduce the market share of
the competitive fringe. Thus, the large firm amplifies the worst-case beliefs of the fringe, according to proposition
B.2 and table B.1.
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subject to

fau(s"),se) + B Z a1 (S| s )My (s (s71) > 0 (B.28)
St+1
zi(s') = fMan(s), 50) + B ma(sials)mi (s e (s, 6 > 1 (B.29)
St+1
e, (5741 = exp(0aVig1) 41 (B.30)

D ey Ter1(Se41st) exp(oaVisa (stH))

Vi(s") = u(z(s"), as(s'), s¢) + (% lnz T (se41|8") exp(oaVig1(s™)) (B.31)

St+1

Nt+1(5t+1) = nt+1(3t+l)Nt(St), NO =1 (B32>
Zﬂtﬂ(stﬂ\st)ntﬂ(stﬂ) =1 (B.33)

St+1
Assign multipliers St (s")®;(s?) on (B.28), Bim(s)y(st) on (B.29), B w1 (s8) ey (sPH)
on (B.30), Bim(s")& (') on (B.31), B m (s prrr (s711) on (B.32), and Bim;(s?)(s?) on (B.33).

Form the respective Lagrangian:

L= Z B Z (s )Ny (s") [T(xt(st)7 ar(s'), st) + BOr Z Tog1(Se41]8)Mep1 (5771 In nt_,_l(st""l)}

st St+1

+ 308D ml Bl [ £, 0) + B meva(seaalsmiy (67 s (574

=3B mls ) [(st) = £ anls") ) = 8w (e mi (7 e ()|
t=0 st t+1

B Z A Z ™ (s) Z e (seaals) peg (s [miﬂ(sm) - xploaVin (7)) }

- o Do Ter1(Se1]s?) exp(oaVipa (st))

=8 mlHE () [Vils) = ulwils), (s, s1) - Jﬁ 03w (sp2]s') exp(@a Vi (s))]

- Z A Z m(s')B Z i1 (Se41]8") pera (s [Ntﬂ(stH) — g1 (s Ny(s")

st St41

- io: ok Z (s (s") [Z To1(Se41]8 ) (8771 — 1} ,

st St41

with 99 = 0, & = 0 and Ny = 1. For the ‘NK’ case the same comment as in the previous
section applies.

As in Appendix A, the minimization with respect to (n, N) (which delivers conditions (B.17)
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and (B.18)), has the same structure as the household’s minimization problem in the text; we refer
again the interested reader to Karantounias (2013) for the details of the derivations. Consider now

the optimality conditions of the maximization problem:

ar,t >0 Niro(we, as, i) + Eua(te, ar, 5¢) + Pofy (ar, 50) +Pify(ar s0) =0 (B.34)
Tt > 1 = Nire (@, ag, se) + §ua (T, ar, 80) +my (o1 + Y1), =0 (B.35)
Mt 200 pr = T (P + Yy) (B.36)
Vot>1: & =oamy [ — Erymip] +mj&_1,& =0 (B.37)

Define the scaled multipliers ®, = ®,/N;, ¥, = ¢,/N; and & = & /N;. Equation (B.36) cap-
tures the shadow value of increasing the conditional likelihood ratio m; and is used to eliminate p;
from (B.37). Rewrite (B.34),(B.35) and (B.37) in terms of the scaled multipliers to get respectively
(B.19), (B.20) and (B.21).

16



C Small-doubts approximation

Contents
C.1 Logic of expansion and some caveats . . . . . . .. .. .. ... ... ........ 18
C.2 Proof oflemma 1 . . . . . . . . . . . e 19
C.3 Proof oflemma 2 . . . . . . . . . e 20
C.4 Useful definitions and facts . . . . . . . . . . . . ... ... 22
C.4.1 Second-order conditions . . . . . . . . ... .. o 22
C.4.2 Optimal wedges and some simplifications . . . . . . ... ... .. ... ... 23
C.5 Consumption and labor . . . . . . . . . . ... .. 24
C.6 Marginal cost of distortionary taxation . . . . . . . .. .. ... ... ... ... 26
C.7 Optimal tax rate . . . . . . . . . e 28
C.7.1 General utility function . . . . . . . . . ... oL 28
C.7.2 Proof of proposition 5 (utility function of example 1) . . . . .. .. ... .. 29
C.8 Debt . . . . e 30
C.9 Formulas for Markov shocks . . . . . . . .. . . . ... ... 33
C.10 Quasi-linear utility . . . . . . . . . . L 36
C.10.1 No doubts about the model . . . . . . .. ... ... ... ... ....... 36
C.10.2 Proof of proposition 3 . . . . . . . ... 37
C.10.3 Proof of proposition 4 . . . . . . . ... 39

17



C.1 Logic of expansion and some caveats

We express every endogenous variable (either random or non-random as the multiplier ®) as
function of the parameter vector o = (0g,04). The first-order expansion for a generic variable x;

around (og,04) = (0,0) takes the form
z¢(g', or,04) = 24(g",0,0) + orTs,(g",0,0) + oax,,(g",0,0) (C.1)

where 24(¢g",0,0) refers to the respective variable in the Lucas and Stokey (1983) economy and
Ts,,1 = R, A, the respective partial derivative. For convenience, we use the notation x;(o) =
z(g',0) and zi(0) = x,,(¢',0),i = R, A, with x,(0) and z!(0),i = R, A the respective evaluation
at o = (0,0).

The Lucas and Stokey (1983) plan is easy to calculate because it is essentially static. This is
due to its history-independence property for variables like consumption, labor and the tax rate,
74(g',0,0) = x(g;,0,0)." The expansion is focused on the calculation of the partial derivatives
2¢(0),4 = R, A, which are random variables in most cases. Substantial simplification comes from
the fact that, without doubts about the model, the conditional and unconditional likelihood ratios
become unity, m;(0) = n;(0) = M;(0) = N;j(0) = A(0) = 1. Furthermore, there is no room
for price manipulation through continuation utilities, so gt(o) = 0, and the government’s and
household’s utility coincide, W;(0) = V;(0), since both the government and the household share

the same reference model.

Caveats and caution. We want to draw here some caution on the results of the small-doubts
expansion. The optimal plan with model uncertainty is driven by the state variables (gt, A;), which
summarize the history ¢'. In the full-confidence economy these state variables are constant, so this
type of perturbation is singular in the terminology of Holmes (1996). Moreover, the state variables,
which are martingales, become random walks in the expansion, as seen in lemmata 1 and 2. So,
in a sense, we approximate a non-stationary economy by using information from the stationary
counterpart at ¢ = (0,0). We are not worried so much about the persistence indicated by the
random walk result; this is expected, given the martingale nature of the state variables.!* More
worrisome is the fact that some variables, like the tax rate, will surpass 100% after a sufficiently

long time.

How should we use the expansion? For both of the reasons stated in the previous paragraph,
we consider the heuristic expansions as valid only for the short-run, that is, for a limited number

of periods, starting from ¢ = 0 (and not from some long-run ‘steady state’). This is both to avoid

13The history-independence property extends also to debt if we assume Markovian shocks.
4Note that persistence is also very high in problems where a global solution method is used. See for example
Ferriere and Karantounias (2019).
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the explosiveness in the long-run, and also to limit the error accumulated from the expansion. To
elaborate on the second point, lemma 1 shows that the increment to the multiplier §~t is determined
by the Lucas and Stokey debt position. But if we had a realization of good shocks over time, which
would lead to an increasing amount of debt over time, the full-confidence debt position would not
be a good approximation point anymore. Initializing the economy from ¢ = 0 and constraining the

number of periods deals with these issues.

C.2 Proof of lemma 1

Define for convenience the innovation in p; (under the household’s worst-case measure),

M= e — Eamy e, (C.2)

and rewrite the law of motion of the multiplier & in (A.8) as

*

(o) = oani(o)Ai(0) + ::;((Z))gt—l(ff),go =0

Differentiate with respect to o to get

(o) = oa[nf(0)A(o) +n(0)Af(o)] +

mi(0) zr o
o) (©3)
40) = mON) + a1 0Nlo) + o)A (0)] + PTG
+EHE (o), ()

with £(0) =0,i = R, A.
Evaluate (C.3) and (C.4) at o = (0,0) (recalling the unitary likelihood ratios and &(0) = 0 for

full confidence in the model) to get
&) =0 (C.5)
§10) = m(0)+&L,(0) = &0 Zm (C.6)

Recall the definition of 7; and the fact that p, = ®U,b, (from (A.9)) to get
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1t(0) = 116(0) — Ey-126(0) = [Uet(0)be(0) — E-1Uet(0)b:(0)] 2(0), (C.7)

where ®(0) the respective marginal cost of taxation in the full-confidence economy. Use now
(C.1) and (C.5)-(C.6) to get & = 04&(0). Take first differences to finally get the approximate
law in (36).

C.3 Proof of lemma 2

Consider the belief ratio as function of the vector o = (og,04), Ai(0) = %zf((j)) Differentiate with
t

respect to o;,i = R, A to get

(o) = Mi(@)N7 (o) = Mi(0)NE' (o)
Ailo) = (N7 (0))? A

Evaluate at o = (0,0) to get

AL(0) = M} (0) — N;(0),i = R, A. (C.8)

Consider the martingales N;” and M, with laws of motion N/ (o) = n;(0)N; ,(c) and M/ (o) =
m;(o)M; (o), and initial values Ny = M,y = 1. Differentiate the law of motion of N;* with respect

to O'Z',i = R, A
Ny (o) = ni'(o)Nf (o) +ni(o)N; (o), N;'(0) = 0,i = R, A.
Thus, at o = (0,0) we get

N(0) = n(0) + N2, (0), Ng'(0) = 0,0 = R, A (C.9)

Repeating exactly the same steps for the martingale M; delivers

MH(0) = mi(0)+ M, (0), M;(0)=0,i=R, A (C.10)

Consider now the conditional likelihood ratios (n;, m;). We have

exp(aaVi(o))

exp(crWi(0)) =
Ei 1exp(oaVi(o))

n:(‘ﬂ - E,_, exp(O'RWt(U))

and mj (o)
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The increments n}* (o), m;*(c),i = R, A to the martingale derivatives are

n(o) = nj(0)[Wilo) + orW/ (o) = Eani(0)[Wi(o) + oW/ (0)]]
ni(o) = ornj(0)[Wi(0) = Eroini(o)W/'(0)]
m; (o) oam; (0) [V (o) = Eamy (0)V"(0)]
mi(o) = mi(o)[Vi(o) + 0aV (o) ~ Et—lmt (0)[Ve(o) + oaV (0)]

Evaluating now at o = (0,0) delivers

Therefore, using (C.11) and (C.12), the unconditional martingale derivatives in (C.9) and (C.10)

become

MEAO) = NF(0) = D (Vi(0) = EjaV5(0) (C.13)
NA0) = ME0)=0 (C.14)

Hence, (C.8), (C.13) and (C.14) imply that

AMO) = M) (C.15)
AF(0) = —N/(0) = =M (0). (C.16)

Use now (C.1) to get
Ay =14+ 04AH0) + ogAR(0) = 1 + (04 — or) M;(0). (C.17)

Evaluate (C.17) at t — 1, take differences and use (C.11) for the martingale derivative increment
to get (39).
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C.4 Useful definitions and facts
C.4.1 Second-order conditions

For the rest, bear in mind the following definitions:

K4(0)
Ko(0)

(1420(0)A(ce(0) + P(0) [A"(c:(0))ex(0) + T7(c:(0))gi] s £ = 1 (C.18)
(1+29(0))A(co(0)) + 2(0) [A"(c0(0))co(0) + I"(co(0)) g0 — Z'(c0(0))bo] , (C-19)

where

A(Ct) = Ucct — 2Uclt + Ullt <0 (CQO)
F(Ct) = Ullt — Uclt (CQl)
Z(Ct) = Ucct — Uclt (C22>

Note that we have already substituted for labor from the resource constraint, so all expressions
above should be understood as functions of consumption only and in particular of the full-
confidence consumption allocation, ¢;(0). The term A(c¢;) is negative due to the concavity of
the period utility function. A’() stands for the derivative of the particular expression with respect
to consumption. Aj(c;(0)) denotes the evaluation of the derivative at the consumption of the no

doubts economy. The same notational interpretations hold for I, Z’.
Assumption C.1. K;(0) < 0,Vt > 0.

We work under assumption C.1 for the rest of the expansion. We encountered expression K;(0)
for t > 0, in Appendix A, where we expressed it equivalently as K¢ (which was the expression that
Kpatern, in (A.24) was reducing to when or = 04 = 0). We show here that K;(0) is directly related
to the second derivative of the Lagrangian of the problem without doubts about the model and is

intimately connected to the sufficient second-order conditions of the Lucas and Stokey problem.

Lemma C.1. If assumption C.1 holds, then the second-order sufficient conditions of the optimal

fiscal policy problem without fear of misspecification are satisfied.

Proof. Drop the “zero” notation and let I(c, ®) = U(c,1—c—g)+®[(Uc(c,1—c—g) = Ui(c,1—c—
9))c—Ui(c,1—c—g)g] denote the period return in the Lagrangian for the Lucas and Stokey economy
for t > 1 and let {°(c, ®,by) = U(e, 1—c—gg)+<I>[(Uc(c, l—c—go)—Ulc,1—c—g))c—Uc,1 —c—
90)g0o—Uec(c, 1 —c— go)bo] denote the respective Lagrangian for t = 0. It is easy to see that .. = K
and 2, = Ky where K and Kj the expressions in (C.18) and (C.19). The second-order sufficient
conditions require the Hessian of the Lagrangian with respect to ¢;(g") to be negative definite

on the tangent plane of the constraint space defined by A = {x LY o Dt gt aait({;} = 0}
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where F({c}) = >220 > m(9")[(Ue(g") — Ui(g"))ei(g") — Ui(g") ge] — Uey bo, i.e. the implementability
constraint (in terms of ¢;). All expressions are calculated at {c} that is regular and satisfies the
first-order conditions. The time separability of the utility function with full confidence in = makes
the Hessian diagonal, so the second order conditions take the form Y= 33" . Ki(g")z7(g") < 0
for all z #£ 0,z € A. It is apparent that they are satisfied if K; < 0,Vt > 0. O

Utility functions in examples 1 and 2. In Appendix A we showed that Assumption C.1
is satisfied for our two main parametric examples for ¢ > 1. Considering Ky in (C.19), we can
rewrite it for the separable case as Ko = T§ — T¢, with T§ = (1 + 2®)U,. + ®U,c.(co — by) and T}
the same as for t > 1, T¢ = T', where T" defined in (A.38). T" is positive for our two examples. If

we have a power utility function in ¢, we get

Tg = —yeg " H[(1+ @(1 —7+(1+7)i—2)} (C.23)

When by > 0 we have T§ < 0 and therefore Ky < 0. We are assuming that even in the case of
initial assets by < 0, their size is not large enough to violate the Ky < 0 condition.
C.4.2 Optimal wedges and some simplifications

Rewrite the optimal wedge U; — U, for t > 1 (that we encountered in (A.21)), and the respective

one for t =0, as

DA,

U-U, = m [Uccct — Ucl(Ct + ht) + Ullht],t >1 (CQ4)
d
Uip — U 5o [Ucco(co — bo) — Uao(co + ho — bo) + Unoho] - (C.25)

Use the resource constraint (1) to eliminate labor h; and rewrite the optimal wedges as

DA,
U-U, = ———t[A(c)e +T > 1 .26
l 146+ CDAt[ (ct)ee (Ct)gt} ( )
)
UlO — UcO 1—1-—(13 [A(CO)CO + F(Co)go — Z(Co)bo}, (CQ?)

where AT, Z defined in (C.20), (C.21) and (C.22) respectively.

15Note that from the first-order condition (A.6) we get 1 + ®(1 — €ce.0(1 — bo/co) — €ch.0) = Ao/Ueo > 0, so for
the power case we have 1+ ®(1 — v+ vby/co) > 0.
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Recall from (A.1) that Q(c, h) stands for the government surplus in marginal utility terms. Use

the resource constraint to write {2 as function of consumption only,

Q(C) = Q(Ca ¢+ g) = [Uc(c7 l—c— g) - Ul(c7 l—c— g)}c - Ul(ca l—c— g)g (028)
Differentiating with respect to consumption delivers
Q(c) =A(c)e+T(c)g+U.— U, (C.29)

The change in the surplus of the government €2'() will show up repeatedly later. We simplify
(C.29) using information from the optimal wedges. Evaluate the optimal wedges (C.26) and (C.27)

at the full confidence economy o = (0,0) and rearrange to get'®

Ale0)e0) + Dler @) = 50 0(0) = Ua0) (©:30)
Aleal0)en(0) + Fca(O))gn = Z(ca(0)bo = 5o Un(0) ~ Ua(0).  (C:31)

Using facts (C.30) and (C.31) allows us to write Q' in (C.29) as

Q/(Ct(O)) _ Ult(ozl)zogjct(o) b > 1 (032>
Q(co(0) = U”(OZD[O?@(O) + Z(eo(0))ho. (C.33)

C.5 Consumption and labor

Result 1. ("Consumption and labor for small doubts’) The partial derivatives of consumption and

labor evaluated at the full-confidence allocation are

0 =0 = OO e <o - T L ezo o)

®'(0),7 = R, A stands for the derivative of the marginal cost of distortionary tazation, and

K(0) defined in (C.18) and (C.19). Hence, using (C.1), we get

1677.4(0) is shorthand for the evaluation of the marginal utility of consumption at the full-confidence allocation.
The same interpretation holds for U;;(0).
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Un(0) — Us(0)
K(0)

Note the presence of K;(0) < 0 in the determination of the partial derivatives ci(0),i = R, A.

or®T(0) 4+ 0,04(0)
®(0)

ci(0) = ¢ (0) + 0,45{4(0) + (o — 04)MA(0) — (C.36)

The term (U; — U,)/K that shows up in both expressions depends only on the consumption al-
location of Lucas and Stokey at time ¢, and therefore only on the realization of the government
expenditure shock ¢g;. Under assumption 1, the tax rate is positive for t > 1, so U; — U. < 0, and
therefore (U, — U.)/K > 0.

Expression (C.36) shows that pessimistic expectation management and paternalism affect con-
sumption in the way we expect. A positive innovation in debt in marginal utility units (which
increases £/1(0)), increases the tax rate and therefore reduces consumption. Furthermore, if we
assume paternalism and the government doubts the model less than the household (og > 04), a
positive innovation in utility (good times) is associated with less taxes (since the less pessimistic
government taxes more bad times and less good times), which increases consumption. A positive

innovation in utility would reduce consumption, if o < 0 4.

Proof. From the resource constraint (1), we have c(0) = hi(0),7 = R, A. Rewrite the optimal
wedge for t > 1 (C.26) as function of o,

(Un(0) = Uet(0)) (L + &(0) + @(0)As(0)) = @(0)As(0) [Alcr(0))er(0) + T(ci(0))g:]  (C.37)

Derivatives with respect to og. Differentiate the left-hand side and the right-hand side of
(C.37) with respect to o and evaluate at (og,04) = (0,0) to get

LHS®(0) = —(14 ®(0))A(c(0))ef(0) + (Un(0) — Ust(0)) [@7(0) — 2(0)A;4(0)]  (C.38)
RHS®(0) = [®"(0) — ®(0)M;*(0)] (A(c(0))ce(0) + T'(ce(0))ge) + P(0)[A(c(0)) ey (0)
+T7(c,(0))gs + Ale,(0))]cf(0) (C.39)

In deriving these expressions we used the result £(0) = 0 from (C.3) and that AF(0) =
—N;E(0) = —M;4(0) from (C.16). Combining the two sides, collecting the terms that multiply
ck(0) and using the definition of K;(0) in (C.18) delivers

¢ (0)K(0) = [Uie(0) = Uet(0) = (A(c2(0))ee(0) + T(ce(0))ge) | (27(0) — 2(0)M;4(0))  (C.40)

Use now (C.30) to simplify (C.40) and get (C.34).
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Derivatives with respect to 04. Proceed now to differentiation of the optimal wedge with

respect to 04. At o = (0,0) we have

LHS*0) = —(14®(0)A(c:(0))c(0) + (U (0) — Uet(0)) [£(0) + @*(0)
+&(0)M;4(0)] (C.41)
RHSA(0) = [@(0) 4+ ®(0)M;*(0)](A(ct(0))ce(0) 4 T(ce(0))ge) + P(0) [A"(ce(0))e (0)
+I(c(0) g + A(ce(0))] ¢1(0), (C.42)

where we used (C.15). Equalize the two sides and collect terms that multiply ¢}(0) to get

H(0)EA(0) = (Un(0) = Uet(0)) [€(0) + 27(0) + @(0)M;(0)]
—(@%(0) + (0)M;(0)) [A(ce(0))ex(0) + T(ce(0)) ge] (C.43)

Using (C.30) to simplify (C.43) delivers (C.35).

Initial period. The analysis above used the optimal wedge for ¢ > 1. The initial period is
different due to the possible presence of initial debt by. Write the optimal wedge (C.27) as function

of o,

(14 ®(0)) (Un(o) = Ueo(0)) = (o) | A(co())eo(e) + Tlco(o))go — Z(eo(or)bo|.  (C.44)

Differentiating now with respect to (o0g,04), evaluating at o = (0,0) and using fact (C.31) and

the definition of Ky(0) in (C.19) delivers c4(0) = —Uw((f)go_(g)com) q;(((()))) ,i = R, A, which are the same

expressions as in (C.34) and (C.35), since Mg = £ = 0.

O
C.6 Marginal cost of distortionary taxation
Result 2. (“Marginal cost of distortionary tazation for small doubts”)
The partial derivatives of the marginal cost of tazation at o = (0,0) are
P E 0 t M*A
Eo 1= 842(0)
pig) — POPE S MO 0) + O S O E0) = MO o

Ey 37720 B2(0)
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where

2(0) = g (C.a7)

and (.) defined in (C.28). Thus, we get

®(0) = (0) + og®(0) + 0, 04(0). (C.48)

Proof. The partial derivatives ® show up in the calculation of the approximate consumption and
labor, (C.34) and (C.35). Note that, in contrast to the other derivatives that we considered, ® are
not random (because the multiplier ® is non-stochastic). Rewrite the implementability constraint
(22) as

Ey  B'M;(0)ci(0)) = Ueo()bo. (C.49)

Proceeding with differentiation and evaluation at o = (0,0), and using (C.13) and (C.14), we
get

or:  Egy  B'Q(ci(0)ef(0) = Z(eo(0))eg (0)by

oa: Eo) BMIH0)R(ci(0) + Eo Y B (e(0))ef! (0) = Z(co(0))eh (0)bo-

Use now expressions (C.32) and (C.33) to substitute for €' to get

ons 3 ot PO o) =

®(0
t=0
o4 E, ZﬂtMt*A(O)Q(Ct(O)) + B, Zﬂt Ult(o)q)_og]ct«)) 024(0) —0.
t=0 =0

Finally, using expressions (C.34) and (C.35) for ¢i(0),7 = R, A and solving for ®(0),i = R, A
delivers (C.45) and (C.46). Note that z(0) < 0 since K;(0) < 0. So the denominator in (C.45)
and (C.46) is negative. We need additional information on the specifics of the problem to be able

to sign the numerators.

]
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C.7 Optimal tax rate
C.7.1 General utility function

Result 3. (‘Tax rate for small doubts’)
o The tax rate for small doubts about the model is equal to

or®R(0) + 0494(0)

7(0) = 74(0) + 0 (0) | 0.4&(0) + (o) — 0.4) M;(0) — 5(0)

>0, (C.50)

with o (0) a coefficient that depends only on the current shock g, through the full confidence
allocation. If assumption 1 holds, a;(0) < 0 fort > 1.

e The tax rate can be rewritten equivalently as

(o) = 1(0) — a4 (0) | =& (o) + Ay(0) + (o) _ 21,t>0, (C.51)

where & (o) and Ay(o) follow the approzimate laws of motion (36) and (39) in lemmata 1

and 2, and ®(o) the marginal cost of taxation for small doubts about the model.

Proof. Write the tax rate as 7;(c) = 1 — Up(0)/Uu(0). Differentiating and evaluating at (0,0)

gives

Ucct(O)Ult(O) + Ullt(O)Uct«)) — UClt(O)(UCt(O) + Ult(O)) i o
(Ux(0))? ¢(0),i=R,A

7(0) =

Under assumption 1, the expression multiplying ci(0) is negative. Using now (C.34) and (C.35)

we get
(0) = aAOHAJWXO)—-éRaD] (C.52)
t t (I)(O)
R A
w0 = a0 -4 - T, (©59)
where
a(0) = Uecet (0) U (0) + Ui (0) Ut (0) — Uge(0) (Ut (0) + Ui (0)) Uy (0) — Uct<0)' (C.54)
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Combining (C.52) and (C.53) and using (C.1) delivers (C.50). The coefficient «;(0) depends
only on the realization of the shock the current period g; through the Lucas and Stokey allocation.
Furthermore, under assumption 1, we have Uy (0) < Ux(0) for t > 1, so a;(0) < 0 for t > 1 as can
been seen from (C.54). If we also assume that initial debt is not so large that it would lead to an
initial subsidy, so if 75(0) > 0, then U;p(0) < U.(0) and ap(0) < 0 under assumption 1. To rewrite
the tax rate as in (C.51), use the approximate formula for ®(o) in (C.48) and recall that to first
order we have & = 04£*(0) (see proof of lemma 1) and A,(c) = 1+ (64 — oz)M;*(0). The result
follows.

]

C.7.2 Proof of proposition 5 (utility function of example 1)

Proof. Recall at first that with this utility function the tax rate with full confidence about the

model is constant for t > 1 and can be potentially different at ¢t = 0 when by # 0. In particular,

P(0)(y + on)
n(0) = 1+¢(0)<1+¢h>’t2 1 (C.55)

B(0)(1(1 — 24 + )
70(0) = T+ 30)(1 + 6r) (C.56)

Consider coefficient a;(0) in (C.54) in result 3. Drop for simplicity the ‘zero’ notation and time

indices and let Uy = 0. We can rewrite (C.54) as

Ul — Uc UCC% + Ull
U. K

T
?(Ucc(l — 7’) + Ull),

where in the second line we used 7 = 1 — U;/U,.. Use now the constant Frisch utility function to

get

T _ _1 _1 h(z)h
a = Ec “/((1 — T)ye 4 dnh ahc—_v)
——
1—7
1—
- %c”(vc_l + k). (C.57)

Use now (A.41) and (A.42) to calculate K. We have
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B ¢l -y _1 B _1ahh¢h
K = =T == [ye (14 (1 =) + duh ™ 2 (14 01+ )]

= e A O =) + dph T (1 = )1+ (1 + )]
e ) e k> L. (C.58)

Use now (C.58) in (C.57) and simplify to get

T<1 B T) (C-_55) N CI)(/Y + ¢h) t>1. (C59)

1+l 1+ 01 +en)

Thus, a;(0) is constant for ¢ > 1. Take then first differences in (C.50) and use expressions
(C.11) and (C.7) for the increments m;“(0) and n;(0) respectively to get (49).

Initial tax rate. For completeness, we show also how to calculate m5(c). Use (C.50) to get

10(0) = 710(0) — aO(O)URq)R(Oq);(FO';Aq)A(O), where 7,(0) is given by (C.56). We can calculate easily

®(0),7 = R, A for the case of a Markovian reference model; see the formulas in result 5. The

initial ay is given by

7'0(1 — 7'0)
Ko

ap = ey (vegt 4 dnhgh) (C.60)

where Ky = T¢ — T¢, and T§ and T¢ given respectively by (C.23) and (A.42).

C.8 Debt

Result 4. (‘Debt for small doubts’)

o Let y, = Uyby denote debt in marginal utility units for t > 1. The partial derivatives are

given by

yf(0) = A(g")M;*(0) + Br(g"),t > 1 (C.61)
y(0) = A(g")(§(0) — M;A(0)) + Ba(g'), t > 1 (C.62)

where the respective coefficients are defined as
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Et Zio 6zzt+2(0)

Alg") = 2(0) (C.63)
A - ith(O) * * (I)R(O) - i
BR(Q) = Et;ﬂ W(Mté(o) - MtA<O)) - (@(O))zEt;ﬁ Zt+i<0) (C-64>
Bale) = B3 87 [E4,0) - E10) - (MO - 1 0)]
C0MN0) i A
G (0))2& Z B'24:(0) + B, Z Bmi (0)ye(0), (C.65)

with z(0) defined in (C.}7). Thus, debt in marginal utility is given approzimately by

ui() = 9i(0) + A(g") [0461(0) + (0r — 0.0) M (0)] + 0rBr(9") + oaBalg"). t > 1.(C.66)

The coefficients A(g'), Bi(¢'),i = R, A depend on the entire history of shocks. If the reference
model w is Markov, then the history-independence of the full-confidence allocation delivers
history-independent coefficients, A(g') = A(g:), Bi(¢*) = Bi(g:),i = R, A.

o Let ci(0) = ¢4(0) + arel(0) + 0ac*(0) and yi(0) = y:(0) + orylt(0) + oay2(0) denote the

approximate consumption and debt in marginal units. Then, debt to first-order is given by

b (0)(ci(o) — i (0)), > 1, (C.67)
where Z(.) is defined in (C.22).

Proof. From the dynamic budget constraint of the government we have

yi(0) = Q(ci(0)) + BEmMI 1 (0)yp41(0), t > 1. (C.68)

Debt in U, units. Differentiate (C.68), evaluate at (0,0) and use (C.11) and (C.12) to get

or:  y(0) = Q(c(0))cf(0) + BEw;",(0)
oat y(0) = Q(c(0))e;}(0) + BEm; (0)yer1(0) + BEy;1(0)
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Solving forward we get

o0

ui'(0) = E Y B (ci(0))e(0)
=0

v (0) = Et25iﬂl(ct+i Ct+z +Et25lmt+z )Y1+:(0)
=0

Use now (C.32), (C.34), (C.35) and the definition of 2,(0) in (C.47) to get

y(0) = E%j{jtyz“” [M;2(0 )—-%%é%l] (C.69)
ZtJrz *A 4 i *A
00 = 52 L0 - M0 - 4 B YA (0

=1

Use now the identities M;{3(0) = (M;{3(0)—M;4(0))+M;4(0) and £A,(0) = ({tﬁz(()) —éﬁ(O)) +
£4(0) and rewrite (C.69) and (C.70) as (C.61) and (C.62) respectively.

Debt. Write debt in marginal utility units as y;(0) = Ux(0)bi(0). Differentiate and evaluate at
(0,0) to get

y£(0) = Z(c(0))b(0)c4(0) + Ut (0)1(0), 7 = R, A.
Thus,

L 14(0) = Z(c(0)b(0)c(0)] i = R, A, (1)

b (0) = U (0) [v;

and therefore,

bi(o) = b(0)+ orbi(0) + oab*(0)

= B(0) + o [ony(0) + oy (0)] — 24D

U (0) bt(O)laRcf(O) + aAcf(O)l,

-~

ct(o)—ct(0)

1
U (0)
v1(0)/Uet (0)

by realizing that b:(0) = 4:(0)/U.(0).
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C.9 Formulas for Markov shocks

Assume that the reference probability model is a time-invariant Markov chain with transition
matrix IT of dimension N x N. Let 1y, denote an N x 1 column vector with ones everywhere,
so Il yy1 = 1«1, and let I the N x N denote the identity matrix.

Martingale increments. We need to calculate the increments to the martingale derivatives
M4 and £, For that we need to calculate V,(0) and y,(0) = U, (0)b,(0). Dropping the “zero”

notation, we have:

<
I
Cu

(I-pm)~ (C.72)
(I— pI) 4, (C.73)

<y
Il

where U and € vectors of dimension N x 1, which collect the period utility and surplus in marginal
utility units of the Lucas and Stokey (1983) history-independent allocation for ¢ > 1, for each
realization of g.'” The induced vectors V and y help us create now the martingale increments. Let
m*4 denote the matrix that collects the increments to the martingale M with corresponding
element m*A;; = m*A(j|i) = n*E(j|i) = V; — E(V]i) and let 17 denote the matrix that collects the
increments to &} with element n;; = n(jli) = ®(0)(y; — E(yli)). Given V and ¢ in (C.72) and

(C.73), we can write these matrices as

m*A = 1NX1‘7T—H‘7]171;7X1 (074)
n = (I)(O)(]lely_T_Hg]lzjgfxl)> <C75>

where the superscript ‘1" refers to transpose. Note that the increments to the martingale deriva-

tives inherit the Markov property.

Worst-case beliefs. Recall that the worst-case likelihood ratio of the household is given by
m*(jli) = 1+ oam*A(j|7). Similarly, the respective likelihood ratio of the government is given
by n*(jli) = 1+ orm*™(j]i). To express the worst-case beliefs in terms of a matrix, let o de-
note element-by-element multiplication between two matrices with the same dimensions (or else

Hadamard multiplication). We have

miess = TIo (]1N><N + aAm*A) <C76>
HGOV' = Ilo (]lNXN + O'Rm*A), (C??)

17We used vector § for the same object in (A.40) in Appendix A. We reserve the use of boldface for matrices in
this section.
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where 1y y is the N x N matrix with ones everywhere. The rows of the worst-case transition
matrices add to unity. To see that, let Oyy; denotes the N-dimensional zero column vector.
We have (IT o m*A)1y,; = Oyx; and (IT o 1)lyy; = Oyx, since the conditional mean of the
increments is zero. Thus, TT"% 1y, 1 = Il yy; + 04 (TT o m**) 1 vy = L. The same property
holds obviously for the government’s worst-case transition matrix, II¢°V1 ., = 1yx1. Note that
we constrain ourselves to sufficiently small (in absolute value) o;,7 = R, A, which guarantees the
non-negativity of the elements of (C.76) and (C.77), making them proper transition matrices. We

use formulas (C.76) and (C.77) in the simulation of detection error probabilities.

Present discounted values. We want to calculate the discounted present values that show up
in results 2 and 4. These expressions involve expected discounted sums of products of the history-
dependent martingale derivatives (M;4 or &), or the increment m;#(0), with functions of the
Lucas and Stokey allocation like (¢;(0), he(0)) or z(0), that are only state-dependent.

For example, consider the sum S = E; > o0 'm;{(0)y:4:(0) that shows up in (C.65). If we

expand it, we get

S = 5Z7T(gt+1|gt)m*A(9t+1|gt)y(gt+1)

gi+1

+32 Z T(ge+1]9¢) Z T(gevalger1)m™* (geralgi41)y(ger2)

gt+1 gt+42

+6° Z 7(ge+1]9:) Z T(Ger2]ge+1) Z 7 (gr13lge2)m ™ (gerslgir2)y(gr4s) + ..

gitt gi+2 gt+3
= Beg, (om™ )y + §ef THTT o m™®)y + fPe) T (T o ™)y + ..
= Bl (T+ AT+ BT1 + BI04 ) (TT o m™A)
= 56;; (I — ﬁH)_l(H ° m*A)g»’

where e,4, be a column vector with 1 at position 4, when g, = g; and zero otherwise.
The case where we have multiplication with the martingale M;4(0) = Y., m:4(0) is slightly

more complicated. Consider for example the term I = Eg > ;o ' M;4(0)Q,(0) in the numerator
in (C.46), where §2;(0) shorthand for Q(c;(0), h+(0)). I can be rewritten as
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I = Eo» my*0)) B7Q;(0) = Egmi*(0)E1 [B21(0) + 5°Q2(0) + ...]
t=1 j=t

+Egm3™H(0) B2 [2Q22(0) + 83Q3(0) + ...] + Eom3™(0)E3[8°Q3(0) + B*Qu(0) + ...] + ...
= Bel (ITom™)(I— BII) ' + p%e] TI(IT o m™*)(I — BIT) ')

+83%el TI?(IT o m*A) (I — BIT) ' + ...
= Bel (I+ BT+ B2 + ..)(ILo m™*) (I — BII) ')
= Bel (I- BIT)"!(ITom™)(I - II) Q.

We get similar expressions when the product involves the partial sum £4(0) = St_ 7;(0). For

example, the term that involves £(0) in the numerator of (C.46) becomes

Eo Y B'2(0)1(0) = Ey > m(0) Y | #72(0) = Bel, (1 — BIT) (o m)(I — STT) "2,
t=0 t=1 j=t
where Z an N x 1 column vector that collects the induced state-dependent z;(0) for t > 1 in (C.47).
In some of the calculations we have to be careful because they may involve terms that depend

on the t = 0 allocation, which is different from the ¢ > 1 allocation when initial debt is not zero,

bo # 0.'® For example, when we calculate the denominator of (C.45-C.46), we get

By B'2(0) = 2o + eg STI(I — BIT) 7' 2, (C.78)
t=0

since zg is function of the (cg, hg) allocation. If by = 0, then the present value formula simplifies
to Eo Yoo B'2(0) = el (I— SIT)7'Z.

Using this type of calculations, we can collect all relevant expressions in the following result.

Result 5. Assume the reference model is Markov with transition matriz I1.

e The coefficients in (C.45) and (C.46) become

8This was not an issue when we calculated products of z(0) or Q(0) with the martingales M;“(0),&(0),
because Mi4 = ¢ = 0.
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 ®(0)eg, BT - BID) !

(ITo m*A)(I — BII)~ 17

z0 + e%BH(I — pI)—12

~ @(0)ef, 81— BIL) ! | $(0)(I o m*A)(I - AIT) '+ [(Iom) — (Lo m™A)| (I - BID) '

o The coefficients in (C.63)-(C.

egt (I-pI0)"1z

+ el STI(I — pIT)~1Z

65) become

Algr) = 30) t>1
R
Bul) = giopeh 90— o1 om) - T
Balge) = q)(lo)eg; [ﬁ(l — BI) " (IIon) — (ITTom™)] -
—}—e;; (I— BI) Y (ITom*)g,t > 1.

C.10 Quasi-linear utility

C.10.1 No doubts about the model

The relevant variables for o = (0,0) are as follows:

7(0) =

ht(O) =
c(0) =

Vi(0) =

bt(o) =

_ ®(0)n
T THe0)(1+ o)
=(1—-1)%
h — g
(1 B ﬁ)fl (h B h1+¢h

Z 5igt+z’-
i=0

Z ﬁ Gt+i

(C.79)

(C.80)
(C.81)

(C.82)

(C.83)

In order to find the multiplier of the full-confidence economy ®(0), we solve for the constant

tax rate from the intertemporal budget constraint of the government:
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r(l—7)% =G, where G=(1-8)[b+E Y Bal. (C.84)
—— p—y

Tax revenues

We assume that G > 0, which implies that initial assets are not sufficiently large to finance

government expenditures without resorting to distortionary taxes. We are looking for solutions of

(C.84) at the increasing side of the Laffer curve, which implies that we are looking for 7 < rraffer =

1%}1. For a solution to exist we assume also that G is less than the maximum tax revenues
possible, so G < Thaffer — %.19 Note that if ¢, = 1, then (C.84) becomes a quadratic
(I+¢n) ~ n
equation, Q(7) = —72 4+ 7 — G. The root at the proper side of the Laffer curve is 7 = 1= ;_4G
since 7 < rlaffer — 1 /2.
C.10.2 Proof of proposition 3
Part 1. Use (C.82) and (C.83) to get
Vi(0) = By Vi(0) = bi(0) — Eriby(0) = —(E, — Er1) Y Blgis
i=0
= - Z 5Z(Et — By 1)Giyi
i=0
= —(D_Bei)uf = —p(B)uf. (C.85)
i=0

The third line comes from the fact that given (41), we have (E; — Ey_1)gii = @iui,i > 0.
Consequently, from (C.11), (C.13), (C.4) and (C.7) we have,

mi(0) = n(0) = Vi(0) — B Vi(0) = —p(B)uf (C.86)
n:(0) = @(0) [bt(o) - Et—1bt(0)} = —2(0)p(B)u{ (C.87)

MEAO) = D omit(0) = —e(8) Y ! (C:89)
A0 = om0 = ~2(0)(8) Y ul. (€89

Part 2. Use (C.12) and (C.86) and apply the first-order expansion (C.1) to get

YFrom (C.79) we see that the tax rate at the top of the Laffer curve 72" corresponds to ®(0) = oo, which is
excluded by not allowing G to equal T2ffer,
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ni = 1+0pn"(0) = 1+ or(Vi(0) — Ei-1V(0)) = 1 + in(ﬁ)Uf (C.90)
R

mi = 14 0o4m0) =14 04(Vi(0) — E,_1V,(0)) = 1 + —o(B)uf, (C.91)
by using (C.85).

Part 3. Use now (C.90) to get By uly, = By + 5-0(B)Ei(uly,)* = g-¢(B)or, since
Eyuf , = 0. Turning to the conditional variance, we have Varg®¥(uf ;) = Eny, (uf,,—Emi ul )%

Treat the variance as any other function of the parameter vector o and expand around (0,0) to get

VCWtGOV' (Uf+1)|0:(070) = Et”ﬁrl(o)(ufﬂ - Etu?ﬂ)z - 2Et(“f+1 - Etungl)Etn:il(O)u?Jrl

3@-
= Etnril (O) (u?—f—l)Z’i =R, A.

Use (C.12) and (C.86) to get

d ov 3 0 ov
aT‘RVQTtG -(U§+1)|g:(0,0) - _@(5)Et (Ui]+1) 9 and %Vartc' .(u§+1)|02(0»0) = O’

which, after using (C.1), deliver the expression in (44). We can use (C.91) and perform a similar

approximation for the conditional variance according to the household’s worst-case beliefs, to get

a ous a ous 3
%V(”‘tH '(u§+1)|0=(0,0) =0, and avm‘? '(u§+1)\a=(0,0) = —p(B)E; (u§+1) )

leading to the result stated in the proposition.
A last comment is due. The reader may wonder how the approximation of the conditional vari-

ance is related to the actual conditional variance that we would get according to the approximated
beliefs in (C.90). We have

ov. * 2 % 2
VartG (u§+1) = Etnt+1(uf+1) _(Et”t+1utg+1)
(C.90) 1 3 (0(B))?
2 2y Lo g~ @O (C.92)

N J/

TV
first-order approx.

which shows that a first-order approximation of the worst-case variance around o = (0,0)
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ignores terms that are fourth-order in the reference standard deviation of the exogenous shock.

C.10.3 Proof of proposition 4

Part 1. Use the general formula (49) in proposition 5 for v = 0, and the formulas for the
1
innovations (42) to get (45). Turning to labor, write it as h,(c) = (1 — (o)) ¢», differentiate with

respect to 0;,7 = R, A and evaluate at (0,0) to get

1 A
¢h1—7'

RL(0) = 71(0),i = R, A, (C.93)

where 7 and h were defined in (C.79) and (C.80) respectively. Then, the first-order approximation

of labor is

1 h
hi(o) = h— onl—1 [orT(0) + UATtA(O)}
1 h
= h—%1_7_(7}(0')—7—>7 <094>
where in the second line we use the first-order approximation for the tax rate. Evaluate now (C.94)
at t — 1, take first differences, use (45), and simplify by setting 1 — 7 = %, to get (47).

The tax revenues Ti(0) = 1(0)hi(0) have first-order derivatives

T0) = TOb+7H(0) = k(1 = 270
oo
- —1+®(0)Tt(0),sz,A. (C.95)

In the first line we used (C.93) and in the second line we simplified by using the fact that
T _ 2(0)¢n

1-7 = 14®(0)

from (C.79). Thus, the first-order expansion becomes

Ti(o) = th+ %M[URER(O) + 047 (0)]
= Th+ 17300 —l-};)(O) (1) — 7], (C.96)

by using again the first-order approximation of the tax rate. Take first differences in (C.96) and
use (45) to get (46).

Part 2- Preliminaries. For the rest of the section recall from (C.13) and (C.4) and that the

derivatives of the martingales are themselves martingales (with respect to ), i.e. E,M;{(0) =
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M;A(0), E£A1(0) = £2(0). The means are zero, EM;4(0) = B = Mz4(0) = £(0) = 0.

Consider first K, which can be found from formula (C.58) as

1—71
h

Vt >0 (C.97)

K = —¢ph® ' (1+®(0)(1+ ¢n)) = —¢n
1+ ®(0)
h

(1+2(0)(1 + ¢n))

= —on

The second equality comes from using the labor supply condition, i.e. h?» = 1 —7 and the third
equality by using the expression for the tax rate in (C.79). Expressions (A.41) and (C.23)) imply
that T¢ = T§ = 0, so the formula for K holds for all ¢ > 0. Thus, K is constant for all ¢ > 0, a
fact which implies that 2,(0) in (C.47) becomes constant,

a0 = = WZUS (WP e h
¢ K K K on(1 + ®(0))

cr) b (2(0))*¢n (C.98)

L+ ®(0) (14 ®(0)(1+ 61))°

Part 2 - Cost of taxation. Proceed now to the calculation of the derivatives ®¢(0),i = R, A
in result 2, which are necessary for the determination of the coefficients of debt in result 4. These

will be greatly simplified because z is constant. Consider (C.45):

ZEy > 02, BEM;A(0)

PO = O )

=0, (C.99)

since EgM;4(0) = M;A4(0) = 0. Similarly, using again the martingale property of M;“(0) and
£4(0)), ®4(0) in (C.46) becomes®

(I)A(O) _ (1 — B)(CI)(()))QEO ZﬁtMt*A(())Qt(O)

s 5)2(@(0))2% i B MFA(0)g,. (C.100)

The second line comes from the fact that € = ¢, — (1 — 7)h = 7h — ¢g;. The discounted sum in
(C.100) can be written as

20Recall that ©;(0) is shorthand for £(c;(0), h¢(0)) which is also equal to Q(c;(0)).

40



E Y BMA0)g = Z At (Z m;0)ge = Eo Y B'mi*(0) Y #gu45(0)
t=0 i= t=1 j=0
= Z 8! Z 5 Egul g1

7=0

S e SO M IR P R GRIT)

In the first line we have expanded the cumulative sum and collected terms multiplying each incre-
ment m;4(0). The third line comes from the fact that Eguigi; = ;02,5 > 0. Use now (C.101)
in (C.100) to finally get

d4(0) = o2, (C.102)

Part 2 - Debt. The expressions for y/(0),7 = R, A, in result 4 are equal to bi(0),7 = R, A since
U. = 1. Using the constancy of Z, the martingale property and (C.99) we get
z 1-8)"th d(0
A(gt) _ Z ((:98) _( 5) ( )¢h _ (0103)
(1-5)2(0) 1+®(0) (14 ®(0)(1 + ¢n))
Br(g") = 0. (C.104)

Similarly, the expression for B4(g") in (C.65) simplifies to

d4(0) =z
Ba(g) = @(é)z) -5 tzﬁ’mm )be+i(0)
S g <I)A h
A i} A
- 2((0 tzﬁl my i )Zﬂjgt““
j=0
e
s A0) z 4N 4] ‘
. 940) =z B 2 2
_ S02T 5" 5(90(5)) o
(G.102) Hi( (8))%02 +Bﬁ(¢(ﬂ))203=0~ (C-105)

Use now (C.103)-(C.105) in the first-order expansion (C.66) and substitute for the martingale
derivatives by using (C.88) and (C.89) to get the debt policy (48) in the text.
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