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1. Introduction

Cross sectional dependence in panel data model leads to inefficiency of estimators based on ordinary
least squares. Special forms of cross sectional dependence for which asymptotically efficient estima-
tion is possible through the use generalized least squares procedures have been investigated by vari-
ous authors, including, among others, Case (1991), Conley (1999), Pesaran (2006) and Bai (2009)
(see also the references therein).

A parsimonious way of dealing with cross sectional dependence in panel data uses factors in the
errors. Consistent estimation of these models can be done by maximum likelihood procedures when
the regressors are not correlated with the factors (e.g. among others Robertson and Symons (2000)).
Coakley, Fuertes and Smith (2001) suggest an estimation procedure based on principal components
applied to the residuals and claim that their approach yields a consistent estimator even if the regres-
sors are correlated with the factors in the error term. Recently, Pesaran (2006) notices that the estima-
tion procedure suggested by Coakley, Fuertes and Smith (2001) is, in general, inconsistent and pro-
poses a new approach that yields consistent estimators when both the N and 7 dimensions tend to
infinity. These results have been extended by Bai (2009) to set-ups that allow for a more complex de-
pendence of the regressors on the unknown factors and factor loadings, and by Su and Jin (2010) and
Huang (2010) to semiparametric models. Tests for cross sectional dependence have been studied by
Pesaran (2004), Hoyos and Sarafidis (2006) and Sarafidis, Yamagata and Robertson (2009). Dynamic
panel data models with factor structures have been considered by Phillips and Sul (2003), Phillips and
Sul (2007), Sarafidis and Robertson (2009) and Sarafidis (2009).

The existing literature for a static panel data model with error factor structure such as the one
studied by Pesaran (2006) and Bai (2009) relies on large 7 and N asymptotics because, under the
assumption of stationarity, it is possible to find a consistent estimator of the covariance matrix of the
N errors at each i =1,2,..., N . Thus, it is possible to use a feasible generalized least squares approach
to obtain consistent estimators of the parameters of interest (e.g. Robertson and Symons (2000)). The
approaches of both Pesaran (2006) and Bai (2009) present several technical challenges because it is
difficult to establish joint limits in both N and 7 (c.f. Phillips and Moon (1999)). In fact, reliance on
large T results forces the various authors to impose very strong assumptions about the stationarity
(e.g. Pesaran (2006) and Bai (2009)) or the precise nature of the nonstationarity (e.g. Bai, Kao and Ng
(2009) and Bai and Ng (2010)) of various unobserved quantities in the time dimension. Only a few
large N -fixed T results are available but are very weak: Pesaran (2006) shows that the common cor-
related effect estimators are asymptotically unbiased for fixed 7 .

This paper investigates a variant of the model proposed by Pesaran (2006) when T is fixed and
N is large. The approach has two advantages over existing ones. First, regarding 7' as fixed allows
us to considerably weaken the assumptions on the behaviour of the various stochastic terms which are

commonly imposed in the time dimension. For example we do not need to impose that the 7" individ-
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ual specific errors follow linear stochastic processes with absolute summable autocovariances as in
Assumption 2 of Pesaran (2006). Analogously, we do not need to assume covariance stationarity with
absolute summable autocovariances for the factors (e.g. Assumption 1 of Pesaran (2006)). Our results
will be valid irrespective of the time-series assumption in the 7 dimension imposed. Second, the
large N asymptotic we use is very simple and standard and does not require mastering the technical
complexities of the large N and T asymptotics studied by Phillips and Moon (1999).

Three estimators are proposed in this paper. Two of them are generalized method of moments es-
timators. All three of them are standard fixed effects estimators in which the N and 7' dimensions
are interchanged. As such they are very easy to compute. They have two advantages over the estima-
tors suggested by Pesaran (2006). They are unbiased for fixed N and T despite the presence of cor-
relation between the errors and the regressors, and they can be calculated for any 7 . In contrast, Pe-
saran’s estimators can be calculated only if 7T is large in comparison to the dimension of the interest
parameters. This permits the use of panel data models with error factor structure in a microeconomet-
ric context where the number of regressors usually exceeds 7' by a large amount.

The structure of the paper is as follows. Section 2 derives unbiased and consistent estimators for a
panel data model with homogeneous slopes. Section 3 extends these results to a model with heteroge-
neous slopes. Section 4 discusses a simple simulation exercise and Section 5 concludes. All proofs are

in the appendix.

2. Homogeneous slopes
A simple panel data model with cross-sectional dependence and correlation between the errors and the

regressors that allows us to illustrate our methodology is as follows:

(1 Vi = x fyte
(Tx1)  (Txp)(px1)

) e = F, y +¢
(Txl) (Txm)(mxl)

(3) x,=F T, +v,

(mxp)

where F, =(f;, frseen fT)' denotes a (T xm) matrix of unobserved common factors effects, y, is a
(mxl) vector of factor loadings and &, is a purely idiosyncratic random vector with zero mean and
constant co-variance matrix. The error vector v, is distributed independently of the common factors
across i. Finally, I'; isa (m X p) factor loading matrix.

Equation (1) is a standard panel data model in which the parameter f; is assumed to be the same

for every i =1,2,....,N and t=1,2,....,T (hence the homogeneous slopes). Notice, however, that both

e, and x, depend on the factors F}, so that, in contrast to a standard model, the errors and the regres-



sors in (1) are correlated and standard estimators are inconsistent. Equations (1), (2) and (3) are a spe-

cial case of a model suggested by Pesaran (2006), for which S, changes across i, that we will con-

sider in detail in the next section.
We will focus on the case where N is large and T is small since no consistent estimator is availa-

ble for this case in the existing literature. We now make the following assumptions.

Assumption 1

i. The ¢, ’s are identically, independently distributed (i.i.d.) random vectors with zero mean
vector and covariance matrix X .
ii. ~ The vec(v,")’s are i.i.d. random vectors with mean vector zero and covariance matrix %, .
iii. ~ The &, and v, are independent for every i =1,2,...,N .

iv. g, and v, are independent of the factors F;.

V. E||€i||430'<oo andE||vi||4SO'<oo.

Assumption 2

i.  F, is a random matrix.
ii.  The y,’s are i.i.d. with mean vector y #0 and covariance matrix X, fori=1,2,...,N . More-

over they are independent of F,, v, and &, .

Assumption 3

i.  The vec(T,")’s are ii.d. with mean vec(T") and covariance matrix = and have bounded

fourth order moments E”l“l.”4 <M< fori=12,..,N.
ii. ~ The unobserved factor loadings y, and T", are uncorrelated. Moreover, the T",’s are inde-
pendent of F,, v,, ¢, and y,.

iii. I" and y are not orthogonal in the sense that I''F,'F,y #0 where E(Fi) =I'#0.

Assumptions 1, 2 and 3 are standard in the literature (c.f. Pesaran (2006) and Sarafidis and Robertson
(2009)). They ensure that all the errors cross sectional dependence is captured by the factor structure
only. They also imply that the correlation between e, and x, is only due to the common factors.
Dropping the assumption of independence between &, and v, would have serious consequences and,
for example, it would not be possible to find unbiased estimators for £, .

Assumption 1 does not impose any restrictions on the time series property of the panel (c.f.

Pesaran (2006) who assumes that the series of ¢ follows a linear stationary process with absolute
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summable autocovariances). Therefore, for each i the components of &, and v, could follow station-

ary or nonstationary processes.
The OLS estimator is not consistent under these assumptions. To see this notice that the OLS es-

timator is
n 1 N -1 1 N
= — ) x'x — ) x.'y.
IBOLS (N; i IJ (N; i yl}

1 )
:ﬂOJ{N;Xi xij [NZF 'F.'Fy, +NZVFF}/+ Zx gj

i=l1 i=l1

N
It is easy to check (see Lemma 1 in the Appendix) that, as N -0, ini'g,. —"0, the term
i=l1

1 & . . . . . . .
— E x,'x, is bounded and converges in probability to a fixed symmetric positive definite matrix ,
i=1

N N
%Zvi 'F,y, >" 0 and %Zri 'F,'F,y, >" I'F,'F,y #0 under Assumption 1, 2 and 3. Therefore,
i=1 i=1

the OLS estimator is not consistent.
Assumption 3 could be replaced by a more general assumption in which the I', ’s are either fixed

or independently distributed random variables with mean E(I',)=T[, and [,#0 for some

i=1,2,..,N . However, in these situations, the OLS estimator of £, may or may not be consistent.

For example, if the quantities ZF (for fixed I', ’s ) or ZF (for random T, ’s ) are O(N ) the
i=1

error cross sectional dependence does not affect the consistency of the OLS estimator”.

To develop consistent estimators of £, when N —0 and T is fixed, we notice that, given As-

sumptions 1, 2 and 3, the following conditional moments hold

# This can be seen in the case where the I',’s are random variable as follows. Under Assumptions 1 and 2, if

"1:,-” <o and if lim, ,_ (1/ N 2)Zn:"Var (T, )" <o, then Chebychev’s week law of large number implies that

T N

N T _
LZ:Z:F,'ff 2 ( ZF j (lftft '}y —”0 . Notice that LZF[‘ converges to zero if
NT i=1 t=1 i=1 t=1 T N i=1

N
Zl:,‘ ( ) and in this case the OLS estimator of f, is consistent. The argument can be modified of the
i=1

case in which the I',’s are fixed.



“) E[xi'ei|FT]:E|:xi'€j|FT:|:r'FT' rV

i,j=12,..,N . Unfortunately, replacing these population moments with naive empirical moments
does not lead to a consistent estimator of S, . The intuition goes as follows. The empirical moments

are written as
®) — xl.'(e.—ej)zo

where j is fixed as a reference individual. When N is allowed to tend to infinity with fixed 7', the
left hand side of (5) does not converge to the zero vector and the empirical moment conditions will

not generate consistent estimators. In fact, if we focus on equation (5) we can write:

N N N

1 1 1
ﬁzxi ’(ei _FTﬂ/i)_ﬁzxi'(ej _FTJ/)+WZX['(FT}/[ _FT7)

i=1 i=1 i=1

1 & 1 & 1 &
:Nzxi 'gi _(ﬁzxij'(ej _FTj/)-'-Nin 'FT (7; _7)
i=1 i

i=1

=o, (1) - (F'FT '+o, (1))(6]. - FT7/) +o, (1)
=-I'F,'(e,~F,y)+o0,(1),

where the third line above follows from Lemma 1 in the Appendix. The presence of e, implies that

the empirical moments condition (5) does not vanish asymptotically (instead it converges to a non-

degenerate random variable) and, as a consequence, it does not yield a consistent estimator of £, .

Since the inconsistencies arise from the presence in (5) of a term (i.e. e;) which is not affected

when N is allowed to grow to infinity, it is natural to replace it with a term which has the same ex-

pectation in finite samples but is such that the empirical moment conditions are o, (1) as N -0,

This paper explores two alternative ways of achieving this.

The first method involves averaging the moments over both i and j,

(©6) L35 (e-7) =0,



N

where e = %Z e, . Notice that the left-hand side of (6) satisfies

N
The third line in the above equation follows from Lemma 1 in the Appendix. Let y = (1 /N )Z y, and

i
i=1

N
x=(1/N )Z x, . The mean-standardised moments (MSM) estimator is

i=1

N -1
@) ﬁMSM ={Z;‘xi'(xi—)_c)} in'(y,.—)_z).
The MSM estimator is the ordinary least squares estimator for the transformed model
b2 —)7:(x,. —f)ﬂo +e —e,
Thus, it is a fixed effects estimator for the model
yi=a+xp, +e
where « is a T x1 vector of fixed effects (notice that the i and ¢ dimensions are interchanged from

the “standard” fixed effects estimator).

An alternative estimator of £, can be obtained by choosing j=i-1,

N
) %’Z;xi'(ei -e.,)=0,
and as N tends to infinity the left-hand side is
1 & 1 & 1 &
Nzxi'(ei _FTyi)_NZ'xi'(ei—l _FTyi—l)—i_Nin ’(Fr%' _FTyi—l)
i=2 i=2 i=2

1 & 1 ¥ 1 & 1 &
zﬁgxivgi_ﬁgxi'gi—l+F;xi’FT(7/i_7)_N;xi’FT(7/i—l_7)

=0, (1)



The third line above follows from the second one using the results of Lemma 1 in the Appendix. The

differenced moments (DM) estimator is thus

(9) ﬁDM = |:in '(xi —Xig ):| in '(yi _yi—l) :

The DM estimator is close to a first difference (FD) estimator of the form

(10) ﬂFD [ﬁ:x—x x—x }ﬁ:x—x yll)

Notice again that this is not the “standard” fixed effects estimator because i and ¢ have been inter-

changed. The distributions of these three estimators are given in the following theorem.

Theorem 1. Given assumptions 1, 2 and 3 the following results hold for the MSM, DM and FD esti-

mators.
(1) ﬁMSM, ﬁ’DM and ﬁFD are unbiased.

(2) ,é’MSM, ﬁDM and ﬁFD are consistent.

(3) Their asymptotic distributions are respectively:
a. N (Busu = B) | Fr 5" N(0.2(F,)) ;
b N(Boy = B))1F > N(0,2-2(F,));
e N (Bu—8,)1F, >" N(0,(3/2)-2(F,)).

where

i( ®1)3 (f,®1,)+%

t=1

v v] ZE sz »

A(F,)=E[(T,=T) F, (F2,F 43, ) F, (T, -T) | F, |

=
~
Il

E[v(BXF w2, ) | F .



Theorem 1 shows that the MSM, DM and FD estimators are unbiased and consistent for fixed 7', and
that their asymptotic distributions conditional on the factors are normal.

Both the DM and FD estimators, although unbiased and consistent, are not asymptotically effi-
cient, since their asymptotic covariance matrices are multiples (with coefficient of proportionality
larger than 1) of the asymptotic covariance matrix for the MSM estimator. Essentially, the DM and
FD estimators are equivalent to the MSM estimator calculated respectively on half and two thirds of
the sample only.

The asymptotic covariance matrix conditional on F, can be estimated as follows. Let

A

ziﬁ X =% ( i (xi _f)ﬂAMSM)(yi _.)_/_(xi _)_C)IBMSM )I(xi _)_C)

(11) _%Z}('xi _f)l (ei _E)(ﬁMSM _ﬂo )’ (xi _)_C)' (xi _f)
1 N

—WZ(X, —f)l (x; _)_C)(ﬁMSM _ﬂo)(ei _E)' (xl. _f)

+%i (x,—X) )(ﬂMSM ﬂo)(:éMSM _ﬁo)'(xi _)_C)I (x, = X).

=

From Lemma A.2 we have that

—

Q(F)==>(x,~FT) (e, ~Fr)(e,~Fr) (x, - FT)+o,(1)

M=

1
N

i

N E[(x,. ~FT) (e, - Fy)(e,~Fy) (x, - FT)|F, }

Therefore, a consistent estimator of the conditional covariance matrix is

(12) s(F,) ={%IZ}:“)€,. (x, —)_c)}] @[%ﬁxg(xf —)—c)}l >"3(F).

i=1

Notice that the use of the asymptotic normality in Theorem 1 and the estimator of the asymptotic
conditional covariance matrix in (12) implies a frequentist framework in which the available sample is
one realization of an infinite sequence of identical experiments in which F, does not change. If F; is
random, as we have assumed in Assumption 2, then different values of F,. will be realized in this in-
finite sequence of experiments. Thus the relevant distribution for the estimators we consider is not the

one conditional on F, but the unconditional one, in which F, has been averaged out. Employing =
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to denote equality in distribution (e.g. Phillips (1989)), the asymptotic distributions of ﬁMSM , ,BDM

and ,@FD are given in the following corollary.

Corollary 1. Given Assumptions 1,2, and 3 the asymptotic distributions of ﬁMSM , ,éDM and ﬁFD are
\/N(BMSM _ﬂo) —" X,
\/N(ﬁDM _ﬁo)_>D 2xX,

and

W(ﬁm _ﬁo)_)D V3/2xx

where

X =[N(0,2(F,))pdf (F;)dF, .

Removing the conditioning on F;, the asymptotic distributions of the MSM, DM and FD estimators

are covariance-matrix-mixed normal with mixing density given by the density function of the factors

(c.f. Corollary 1). Notice that the mixing density is the distribution of F., which is unknown.

Before considering a random coefficient model we deal with the problem of hypothesis testing in
this set-up. Even if the relevant distributions for the MSM, DM and FD estimators are the uncondi-
tional ones which are nonstandard, tests of hypotheses can be constructed as usual. An asymptotic
version of the F test conditional on F, for the null hypothesis that H: R, =r against the alternative

hypothesis H,:Rf, #r , where R is a known and fixed gX p matrix of rank ¢g<p and 7 is a

known and fixed g x1 vector can be easily constructed since

—_

(13) N(R/;’MSM _”)'(RZ(FT)R')il (RIBMSM _r)|FT — Zz (Q)a

under the null hypothesis. Notice that the chi-square random variable on the right-hand-side does not

depend on F,, so that the left-hand-side of (13) will converge to a y° (q) unconditionally.

Asymptotic versions of the t-test can be constructed similarly. If we denote by &, (FT) the ele-

ment in position ii of the matrix E(FT) , we can test the null hypothesis that the i -th component of

.=
B,, B, equals a fixed value r by noting that under the null hypothesis —ﬂ@\ | F, > N(0,1).
2
o’ (F;)
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Once again the limiting distribution under the null hypothesis does not depend on F, so that

zN—
'BMSM—/,"\ — N(0,1). We summarise this in the following corollary
o’ (F;)

Corollary 2. Let R be a known and fixed g x p matrix of rank q<p and r be a known and fixed

q x1 vector. Given Assumptions 1, 2, and 3, if the null hypothesis H,:Rf, =r holds then

—

(19) N(RBs —r)‘(RZ(FT )R')il (R ~r) " ().

Moreover, if g =1

(15) e =1, N (0,),
RE(F,)R'

—

where Z(FT) is defined in (12).

Notice that the distributions of the two test statistics above under the null hypothesis do not depend on

F, , however, they do depend on F, under the alternative hypothesis.

3. Heterogeneous slopes

In this section, we consider a more general case, where the coefficient S, is allowed to be different

for each individual. Precisely, the model is

(16) i =x p+e
(Tx1)  (Txp)(px1)
(17) e = I, 7 +¢
(Txl) (Txm)(mxl)
(18) CZF T, 4y
(mxp)
(19) B=p+n;.

We are interested in inference about the mean of the individual-specific slope coefficients. This ran-
dom coefficients model was considered by Pesaran (2006) and is expected to satisfy Assumptions 1 to

3 as well as Assumption 4 below.
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Assumption 4.

The n,’s are i.i.d. with mean zero and covariance matrix %, . Moreover they are independent of f,,

v, I', , ¢ and y,. Moreover “ZﬂH<M<oo.

Once again this assumption is standard in the literature (e.g. Pesaran (2006)). Notice also that Pesaran

(20006) specifies equation (16) as

(20) y,=D.'a +xp +e.
(nx1)
and (18) as
(21) x,=D;," A +F.I +v,,

(nxp)
where D, = {dl,dz,... d, } Since T 1is fixed and we are conditioning on the factors we can always
(nx1)

rewrite this as in equations (16) to (19) with F,, y, and I, replaced, respectively, by [DT ',FT],

Q; A
{ l} and [Fl} . When removing the conditioning on F, we will just have to take into account that
Vi i

this now has two components and we will still condition on part of it (i.e. D, ).

Pesaran (2006) suggested a procedure whereby £, is estimated for each fixed T' by

(22) b, =(x,. "M, x, )_lx,. 'M,y,

w

where M =1, —I-_I(I-_I’I-_I)fl-_l', H=[y.x], ((ﬁ']-_l)f denotes the generalized inverse of H'H ),

then f, is estimated by the “common correlated effects mean group” (CCEMG) estimator

(23) byo =—.b,,

1 N
NT
or the “common correlated effects pooled” (CCEP) estimator

(24) becgp = (zxi 'waij in ‘M., .
in1

i=1

For simplicity we have taken the aggregating and the pooling weights to be the same in (22) and (24).

These two estimators have some obvious disadvantages. The first one requires 7 to be larger

than p to guarantee that l;,. can be calculated for every i. Both estimators involve ) and X through
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the projection matrix M . » and this makes it difficult to determine their small sample properties. Fi-

nally, and most importantly, their properties are known only if both 7 and N are large.

The MSM, DM and FD estimators defined in (7), (9) and (10) are very easy to calculate and al-
low one to overcome the reliance on large 7 results. In fact, our results also apply to the case where
T =1. By considering T fixed, we do not need to make any assumption about the time series proper-
ties of the data.

Theorem 2 gives some of the distributional properties for the MSM, DM and FD estimators.

Theorem 2. Given assumptions 1, 2, 3 and 4 the following results hold for the MSM, DM and FD es-
timators.

(1) The MSM, DM and FD estimators are unbiased;

(2) They are consistent, and

(3) Their asymptotic distributions are respectively:

a. NN (B~ 51 E " N(O,Z(FT)-FQ(FT)A C(FT)Q(FT)%)

b N(Bos =8I B " N(0.2-2(F,)+ O(F,) (C(F)+D(F,))0(F) ")

o NN (B )18 > W03 5(m )05 (c(r)+ S i) Jots)

where

Q(FT)ZZ(ﬁ'®IP)ZF(ﬁ ®Ip)+2v0

A(F,)=E[(T,-T)'F, (F,X,F,'+2,)F, (T, ~T)| F, |
B(F,)=E[v(FX,F, 43, )v, | F, |
C(F)=E[(F (T, =T)+v, ) (BT, +,)2, (BT, +v,)(F (T, -T) +v,) | F; |

D(F,)= E[(FT (T,-T)+v, ) (BT +v)Z, (BT +v,) (B (T, =)+, FT},

and X is defined in Theorem 1.

Theorem 2 shows that for a fixed T , all three of the MSM, DM and FD estimators are unbiased,

consistent and asymptotically normal given F,. The MSM estimator is asymptotically more efficient
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than the DM and FD estimators in terms of conditional variance when N is large. Notice that for this
case, the asymptotic covariance matrix depends up to the fourth moments of I"; and v,. As argued in

the previous section, it is the marginal distribution which is relevant, so removing the conditioning on

F., we obtain the following corollary.

Corollary 3. Given assumptions 1,2, 3 and 4 the asymptotic distributions of the MSM, DM and FD

estimators are

¥ (B~ ) =" [N(02(F )+ (R C(F)Q(R) )pdr (F)ar,.

IN(Bo = 1) =" [N(0.2-2(F )+ O(F) " (C(F)+ D(F,)O(F, ) pdf (£, )dF,

and

IN (B - 5,) - jN(oi 5( T)+Q(FT)_I(C(FT)+%D(FT))Q(FT)_ljpdf(FT)dFT.

Thus, the three estimators are asymptotically covariance-matrix-mixed normal. Notice that Theorem 2

and Corollary 3 reduce to Theorem 1 and Corollary 1 if the 7, are identically zero.

In order to construct tests on £, we need to find a consistent estimator of the asymptotic covari-

—

ance matrix Q(F; )= A(F,)+B(F,)+C(F;). Such a consistent estimator of Q(F;) is given in the

following theorem.

Theorem 3. Given Assumptions 1-4 a consistent estimator of Q(FT) is

!

(25) ﬁT :%IZ]:: X; -x ( (xi _)_C)IBMSM)(J’I‘ _J_/_(xi _f):éMSM) (xi _f)’

so that a consistent estimator of asymptotic covariance matrix of the MSM estimator is

(26) 2(F,) { Zx (x,—%) } | Tﬁ){%ixi'(xi—f)}l.

i=1

Asymptotic tests of hypothesis can be constructed as outlined in the previous section.

Corollary 4. Ifthe conditions stated in Corollary 2 and Assumption 4 apply, then (14) and (15) hold

—

with Z(FT) replaced by E(FT) in (26).
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4. Monte Carlo Study

This section provides some Monte Carlo evidence on the properties of the MSM, DM and FD and
comparisons with the CCEMG and CCEP estimators. To do this we consider a simplified version of
data generating process (DGP) used by Pesaran (2006) in his Section 7. Precisely, we assume the
DGP is

27 Vi =aydy + Bxy, + BaXn, e,
(28) € =Vt Vo ¥ VS T &,
and
(29) X = aijldlt + az’j2d2t + rijlflt + Fijzfzt + rijaf3t +Vy

b

j=12,i=12,.,N and t=1,...,T . Notice that we consider the case where £ has only two compo-

nents to allow a comparison with the results of Pesaran (2006) because the CCEMG cannot be calcu-

lated when T is less or equal to the dimension of £ .

The common factors and the errors in (29) are generated as follows

f1=Pyf +1id.N(0,1) forj=1,2, t=-49,...0,..,T

Jis0=0
Vi = PoiiViia +i.i.d.N(O,l) forv,j=12, t=-49,..,0,...T
Vis0=0, p,;~ i.i.d.U[0.05,0.95].
The errors in (28) are generated as AR(1) process
172
&y = P 1O (1 - pii‘) git

for i=1,..,[N/2], t=0,.,T , and as MA(1)

£,=0,(146,7) (6, +0.6,)
for i=[N/2]+L..,N where {, ~iid.N(0,1), o} ~iidU(0.5,1.5), p, ~iid.U[0.050.95] and
6, ~iidU[0,1]
The factor loadings in (29) are generated independently as T, ~iid.N(u,.07) and
p, ~iidU(=515) for p=1,2,3, and those in (28) as y, ~iid.N(Lo}), y,~iid.N(lo}),
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7,=0, of =0.7 and O'f =0.5. Finally, for the slopes coefficients, we consider the case where
By =By, =1 and B, = B, +n, where 1, ~iid.N(0,0.4) and we will report information for the case

where aj =0 (the model of Section 2) and 0; >0 (the random coefficient model of Section 3).

We will report results for some combinations of the parameters (further results are available from

the Authors’ webpages). Tables 1 to 4 impose ¢, =0, a,, =0 and a,, =0. However, we present re-

sults for a model with fixed effects in Tables 5-8. In this case we generate the fixed effects as

d, =1
d, =.5d, +i.i.d.N(0,1—(.5)2) t=-49,..,0,..,T
dz,fso =0

and o, ~ i.i.d.N(l,l) and the a,, for k=1,2 are independent N(O.S,O.S) as in Pesaran (2000).

We report the bias and mean square error (MSE) for the MSM, DM and FD estimators and for the
CCEMG and CCEP estimators of Pesaran (2006). We also report results for a two-sided “t test” for

H,:p, =1. The Monte Carlo experiments are based on 10,000 replications and are summarized in

Tables 1 to 8.

4.1 Bias and MSE

The bias for the MSM, DM and FD estimators is very small for every sample size as one would ex-
pect from the fact that they are unbiased. In contrast, the bias of the CCEP and CCEMG is small only
for large T . For very small T (say less than 5) these two estimators either cannot be computed or
have bias comparable or larger than that of the OLS estimator. The CCEMG estimator has a consider-
ably larger bias than all other estimators for small 7 .

The MSE of the MSM, DM and FD decreases as N becomes large but does not seem to be
strongly affected by T . The MSM estimator performs better than the DM and FD estimators for all
sample sizes as expected from our theoretical results in Theorems 1 and 2. The MSE of both the
CCEP and CCEMG decreases as either N or 7' grows and it can be extremely large for small 7 .

The presence of fixed effects (Tables 5 to 8) does not affect the bias or the MSE of the MSM, DM
and FD estimator but considerably affects the CCEP and the CCEMG estimators. As remarked by
Pesaran (2006), the CCEP estimator performs better than the CCEMG estimator for small 7. Simu-
lations (that are not reported here but are available on the Authors’ website) show that the bias and the

MSE of the MSM, DM, and FD estimators are not affected by either the dimension of £, or the num-

ber of factors. Pesaran’s CCEP and CCEMG estimators, on the other hand, are severely affected.
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4.2 Size and power

Tables 1 to 4 report a t-type test for H: f,, =1 against H,: f, #1 constructed using the MSM,

CCEP and CCEMG estimators. The test based on the MSM estimator tends to be slightly oversized
but the empirical size is very close to the theoretical 5% size for N >100. Also the size for the test
based on the MSM does not seem to be affected by 7. The power of the MSM based test seems to
increase with 7.

The tests based on CCEP and CCEMG estimators are sometimes considerably oversized and
sometimes undersized when 7 is small. The size for the CCEP based test can be as large as 0.35 for
small T . For the CCEMG based test the size is closer to the nominal size. For T >10 the empirical
size is very close to the nominal one for the tests based on both estimators. Their power is very much
affected by 7" and for small 7" both tests have power smaller than the size.

Simulations available from the Authors’ website show that size and power of the test based on the
MSM estimator are not affected by either number of factors or the dimension of the parameter £, but
both size and power of the tests based on the CCEP and the CCEMG estimators are influenced by the-

se in a significant way.

5. Conclusions

This paper has analysed a panel data model with both homogeneous and heterogeneous slopes and
with multifactor error structure in which the factors also affect the regressors under conditions that are
weaker than those of Pesaran (2006). Consistent estimators have been proposed for the case where the
time dimension is fixed and N tends to infinity. These estimators exist for every T >1 and are very
simple to compute. As N — oo they have a nonstandard asymptotic distribution which is covariance-
matrix mixed normal with mixing density given by the unknown distribution of the error factors.
However, tests on the interest parameters can be constructed using standard t- and F-procedures. A
Monte Carlo simulation has shown that these estimators clearly outperform the CCEP and CCEMG
estimators of Pesaran (2006) when the time dimension is small in comparison to the dimension of the

slope parameter.

Appendix: technical results

We first present a lemma giving all the basic results used in the appendix. The proofs are simple and

can be found in the authors’ webpage.

Lemma A.1. Given Assumptions 1, 2, 3 and 4 the following results hold as N — o :
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h)

1y,
—Zv,. g—> 0
NS

1 N

—>T,'F,'e, »" 0;
Nf:l

1 .
Nzxi' Vi =™ F’FT' Vs
i=1

1 N
sz' " ET;
i=1

—Zx X, — Z( ®1,)%(f,®1,)+'F,'FT+3,,;

NS

L (x,~% Ji( L[®L)E (£ ®1,)+5,,;

%ix,. X —x, —>PZT1:( '®1) (i ®1)+2,;
i= =

iﬁ:e " Fy;
N& i Vs

1 &, .
_in X1, = 0;
Ni=

and X, is defined in Theorem 1.

Lemma A.2. Given Assumptions 1, 2, 3 and 4 the following results hold

a)

b)

c)

d)

z|—

’ / N
(x[—f) (e,.—E)(ei—e X —x —LZ x -
Nl:l

=[—

=z~

i=1

%ﬁ(xi _f)’ (e.—e)n/(x, _f), (x,-X)=0,(1)

1 & '

WZ(’@ -x) (5 =%)7.)((x = %)m,) (x,-%)=E

i=1

18

FT) (e, ~Fyy)(e.~Fr) (x,~FT)+o,(1);

> (5,=%) (e,=2)(Busw ) (. -F) (x,~F) =0, (1):
(3, %) (5, =) Busw — ) (B = B) (5, ~%) (5, ~%) =0, (1)

20T (3 =)~ B (57 (3= F) =0, (1)

[(x,, ~FT) (x, - FD)E, (x, - ET) (% —FTF)} +o,(1)



Proof

Let
z,=x,— I,
w,=e —Fry
z=x-FTI
w=e-Fy

1 N

—Z(xi -¥)

v (e,~2)(e,—€) (x, —¥) can be written as
i=1

%IZNE(ZIP = )’ (w, =) (w, =) (2" -2") = %,ﬁ“zi”'mwfziq

!

and let z/ and z” be the p-th columns of z, and z respectively. Then the ( p,q) component of

+sum of terms involving either z' or .
The terms involving either Z' or W are 0, (1) so that a) is proved.

Next, we prove b). Using the same notation as above we can write the ( p,q) component of

1 & _\ N/ A ! N _
ﬁ;(xi—x) (ei_e)(ﬂMSM _ﬂo) ('xi_x) (xl.—x) as

LN o ooV (o) (5 (2, =%) (20 =7
22 (0 (B -4 (27 (- 7')

(L
N

Z(pr —E”) (w, - v_v)(ziq —Eq)'(zl.’ —E’) is 0, (1). Notice that the leading term with the
i=1

largest number of terms in the summation is

(27 -27) (w-w)(z' -2*) (=, _z)j(ﬁMSM ~5)=0,(1)

M=

N

provided 1

1

N Z(zi”)'wi (ziq)'zi .

i=1

All other terms contain either w or z” and are 0, (1) This is a sum of 1.i.d. random variables with
mean zero if (zi" )(zl.q)'zi have finite mean. This follows from Assumption 1.v and 3.i.

Similarly for c), the ( p,q) component of

]1\;2()@ _)_C), (xl- _)_C)(/éMSM _ﬂo)(ﬁMSM —ﬂo )’ (xl. —)_c)' (xl_ _f)

1S
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%ﬁ:(zlp —z? )/ (Zl- _E)(ﬁMSM _ﬁo)(ﬁMSM _,Bo )' (Zl. —E)' (qu _Eq)

i=

™M=

Z(BMSM _ﬂo) (% (Zi _E), (Zip _Ep)(ziq _Eq)'(zi _E)J(ﬁMSM _/30) =0, (1)

i

N !
provided %Z(zi -7) (Z,'p -z? )(z,.‘f -z )'(Z,' —Z) converges in probability to a finite quantity. This
i=1

follows as above using Assumption 1.v and 3.1.

For d) we can proceed similarly to c¢) and find that

257 (5 =3By~ B )1 (57 (5, -7) =, 1).

i=1
This is guaranteed by Assumptions 1.v, 3.i-ii and 4.

N
e) %Z(xi - )?)’ (e, —&)m (x, - )?), (x,—X)=o0,(1) as in the previous part of the Lemma.

i=1

f) Write

:%ﬁ:(xi_f)’(xi_)_C)(U,ﬂ,-,—x,])(x,«—x X —)_C %ﬁ: x —x x —)C)Z,7 (xi—)?)' (xi—f),

i=l1 i=

!

The term (xi —)_c) (x,. —f)(?],n,.' —Zﬂ)(xl. —)?)' (xi —f) is uncorrelated across i and has the same mean. By

using Kinchin’s Weak Law of Large Numbers,

T 2= (=) -, )5 =)

!

(x,-%) " 0.

Similarly to Lemma A.2 (a),

%IZN}(’C" ~%) (%, -%)%, (x, ~%) (x, - %) >" E[(x,. ~FT) (x,~FD)T, (x, - FT) (x - FTF)}.

Proof of Theorem 1

From the definition of the MSM estimator and equation (1) we can write

Bus =By {ixj '(x, —f)}l ixi'(e,. -2)

j= i=1

(30)

= B, J{ﬁxj '(x, _3)}1 gxl.'(FT(y/i ~y)-F (7 -7)+¢ -%),

Jj=
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From assumption 2.ii and 3.ii the y,’s are i.i.d. with mean y and are independent of v, and I", and

from assumptions 1.iii and 3.1 &, is also independent of v, and I',. Thus, we can write

E|:ﬁAMSM |FT]::H0+ZE[Z)C/'()C/_E)} xi'|FT]E|iFT(7/i_}/)_FT(7_7/)+‘91_§|FT:|
=fy-

Therefore, the MSM estimator is unbiased given F,, and it is thus unbiased unconditionally.
Consistency follows from noticing that
R 1 & -l 1 & N 1 & B .
Brsu :ﬁo‘*'[ﬁzxz’(xz_f)} [FZXIVFT ( ZXJ Fy+— in'gf_(ﬁzx[}‘g}_) By
i=1 i=l1 i:l i=1

using ¢), ), b), f) and a) in Lemma 1.

To prove asymptotic normality conditional on F, we write

JN“

\/N(BMSM_ﬁO):[%ixi'(xi_ }_ 1 ﬁ:xz e_e

The term on the right-hand side is

. xi'(e[ —E)=

(x —FF) (e.—e +FF'

N
>(e-?)
i=1

1

-
M=
2
M=
z%

> (%~ FT) (e, ~2)

-
M=

(x —F.I')'(e, FT;/)—[ (x,—F, r)]( -Fy)

<-
M=
-
M=

7

i %~ F) (e, ~Fy)+o, (1),

ﬁ\

where the last line follows from the fact that ¥ —y =0, (1), £=0,(1) and

N

#,ﬁ:‘(%_F Z( (T, -T)+v)=0,(1).

i=1

The terms in the remaining sum are i.i.d. with mean zero and covariance matrix

E[(x,~FT) (e~ Fy)(e~Fy)'(x - FD) | F |=E[(x — FT) E[ (¢~ Fyy)(e, ~ Fyr)' | Fy |(x, = F;TD) | F, |

The expectation in the middle is
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E[(e~Fy)(e~Fy)1F | =E[(F(r,-7)+&)(F (v, -7)+&)'| Fy |

=E[F (1, =7)(r=7) ;| F; ]+ E[ e8| Fy]
“EXF 4+,
So that
E[(x ~FT) (e~ Fy)(e = Fr)(x - FT) F ]
— E[(F (T, =T) 4 ) (B2, F 45, )(F (T, -T)+v,) 1, |
= A(F,)+ B(F,)

where A(F;) and B(F; ) are defined in Theorem 1. The result follows from Assumptions 1.ii and
2.1 and 3.i-ii.

Now we focus on the DM estimator. Proceeding as in the previous case we have

i=2

BDM = ﬁo + [in '(xi X )J in '(ei €, )

The expected value is

i=2

E[ o | = A, +E|:[Zx (x-x., )T >x(e —el._l)lFT}

because of the independent of v, and I';, from ¢, and y,. To show consistency we write

R N T N N N
Bow =By +(in’(xi _xi—l)j |:zxi' Vi +in"9i _in' rViz _in'gi—l}_)}) B
i—2 i—2 im2 i—2 i—2

where the convergence of the various components can be easily obtained from the assumptions using

the weak law of large numbers . To show asymptotic normality we write

x'(e—e.,).

1 N
i=2

N (Bow = ) =[§Z( i )] - JN
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The last term on the right-hand side is sum of terms of an m-dependent process with m =1 so that
N
Z e—e —>D N(O,ZDM)
i=2

where

Xow = Var(xi' (e —eH))+ Cov(xZ' (e,—¢),x'(e;—e, ))+C0v(x3' (e,—e,).x, (e, —el))

(e.g. DasGupta (2008)).

The components of X, are

Var('xi' (ei _e;—1)|FT):E[xi, (ei € )(ei —€ )’ X |FT:|

- E[x,,’E[(ei —¢ (e —e.,) |Fr}x,, |FT}

= 2E[xl.' (F2,F'+2,)x, | FT}

Cov(xz'(e2 -¢).x;'(¢e —ez)|FT) =F xz'(e2 -¢)(e —ez), X, |FT}

=E xer[(ez—el)(Q—ez)'|FT}C3|FT}

_E (FZ'FT' + vz')(—FTZyFT' 3, ) (T\F, +v, )}

- I'F/ (FTZyFT' T ZS)FFT

= COV(X3'(63 ~e,),x, (e, _61)|FT)-

The result follows from noting that X, = 2(A(F )+ B( )) and g) of Lemma A.1.

For the FD estimator unbiasedness and consistency follow as in the previous two cases. For as-

ymptotic normality, we write

JN(p- )=[%Z::x—x x—x} lgx—x V(e —e.,)

2
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N N
The first term is LZ x (% —x Z )—" 20(F,) and for the second term we use
i=2

i=2

N
a central limit theorem of m-dependent process, so that ! z X, — X, e —-e, )—) N (O,E(FT ))
N i=1

as N tends to infinity. The asymptotic covariance matrix is

E(FT) = Var[(xf - X, )'(el. —e,‘])|FT}rE[(x2 - X, )'(e2 —el)(e3 —e2)'(x3 —x2)|FT}
+E[(Jc3 —xz)l(e3 -e,)(e, —el)' (x, —x1)|FT}
= 2E[(x,. —x.) (F2,F+2,)(x, —x,._l)|FT} —E[(xz —x) (F2,F+2,)(x —x2)|FTJ

—E[(x3 ~x5,) (B2, F+2,)(x, x| FT}.

The three terms can be evaluated to give

E[(x,. —x.) (FE,F 42, ) (% - x| FT} =2(A(F,)+B(F,))
E[(xz ~x) (F,F 42, )(x —x2)|FT} =—(4(F,)+B(F,)).
and the result of the theorem follows.

Proof of Theorem 2

We start from the MSM estimator

IHAMSM = |:ixi ’(xi _)_C):| in '[(xi _f)ﬂo +e —e+x7, _%ixjnj J

=B, {gxi '(x, —Y)T [ZNl:x ‘(e —E)+I_Zi:(x,- —f)'x,nij-

Unbiasedness follows from the independence of x, and ¢, and x, and 7, given F,,
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E| Busy | Fy |= By +ﬁEnixj (x, —)?)}] xi'|FT]E[eI. ~2|F]

i=1 Jj=1

2 Hix, '(x, —x)}l (x, —f)'xl.|FT]E[77i|FT]

ZIBO'

To show consistency we need the following results

N N

%le. '(el. —E) =%Z}x. 'e,. —x-e

i=1

=— ! 4 — e —-X-e
N — xt T}/I N pn xl 81 x-e

—"T'F,"F,y+0-T'F,'F,y =0
which follows from Lemma A.1 ¢), d), h), b) and a), and
N 1 N 1 N »
x—x 'xn.=—) x,'xn-X''—) xn |> 0
NZ‘ 7 NZ‘ 7, (NZ,UJ

This follows of Lemma A.1 1) and the fact that

1 & 1 &
Nzxinf _NZFTF;‘U:' +ﬁ;vini

i=1 i=1

where 1.i.d. terms with zero means are summed. Consistency follows from the two results above and

f) in Lemma A.1,

ﬁMSM%PﬂO {i( ’®1) F(f;®lp)+2v0j| (O+O):ﬁ0'

t=1

For asymptotic normality we write

IN (Busw - ,) = { Zx T

Notice that



{(x. ~FET+FET)(e-¢) ]

(x, -FT—(X-FI))'xn,

sfl-rree

1
N F\(x, —-FT)'xn,
This follows from the fact that conditional on F, the x,, forms an sequence of i.i.d. random varia-

bles with mean zero ( £ [xinl. | FT] =0) and covariance matrix

E[xnn,'x' | F;|=E[ xE[nn,'| %' | Fy |=E[x2,%' | F; |=E[ FTE T F +vE v F |

=i e

=FE[LE | E+E[vEy'],
we have

Ly x| Fp > N(0,F,E[T 2T, |F, + E[vE,']) -

JN S

Since E[ (x, - F,1) (e, ~ F7)n,'x,'(x, — F,T) | F, | =0,

1R (x,—FT) (e, - Fy) N 0\ (A(F,)+B(F,) 0
\/ﬁfz}((xi —FTF)'xl.ﬂ,- ]|FT N[(OJ,( 0 (s )J]

so that

1

N

1
JN

™M=

(x,—~F,T)'(e, - F, ZNl:x—FF 'xn,| Fr > N(0,4(F,)+B(F,)+C(F,)),

and the part of the theorem concerning the MSM estimator is proved.

For the DM model we have

BDM = ﬁo + |:in '(xi X )} (in '(ei € ) + in '(xﬂ?i =X, 474 )j

i=2
Unbiasedness follows as before. Consistency follows from results in Theorem 1 and Lemma A.1 1)

N
and the fact which can be proved similarly to Lemma A.1 1) %in 'x7,., =" 0. To obtain asymptot-
i=2

ic normality we notice that
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() 250 0] [ Bete e S eon o).

Since E [x,.'(ei —e ) (X7 —xm.)'x, |FT]=0, using the central limit theorem for m-dependent

processes with m =1, we obtain

i o ]

4 (FT) = Var(xi, (xi77i —XiaMin ) | FT)
+C0v(x2’ (xznz — X7 )ax3, (x3773 — X0, ) | FT ) + Cov(x3' (x3773 — X0, )7x2, (x2772 — X7, ) | FT)

=E xi, (x;77i X7 )(ﬂ;'xf, - 77;—1,xi—1l )xi | Fri|

+E le (x2772 =X )(x3773 = X1, ), X3 |FTjI + E[x; (x3773 = X1, )(xznz =X ), Xy |FT:|

=E xi"xinini’xi,xi | FT:| - E|:xi’xi77i77i—1’xi—1'xf | FT:| - E|:xi,xi—177i—177i,xi,xi | FT:|

tE xi'xi—lni—lni—lrxi—l'xi | FT:| - E|:x2'x2772772,x2 ’x3 | FTi| - E|:x3,x2772772,x2 'xz | FT:|

=F x,.'xiZ,]xi'xl. |FT}+E[xf/xi712ﬂxH/xi | FT} —E[xz,xzil,,x2 "X, |FTJ —E[x;sz,]xz X, | FTJ

= E|(x, - F,T) x3,x/ (x, - F,T) | F, +E[xl.'x,._12nxi_l'xi | FTJ - E[F’Fr'x,.z,7x,.'FTr F, }

=E|(x,~FT) xZ,x/ (x,~ {T)|F +(E[xl./x,._12”xl._l'xi | F, } - E[F'FT'x,._lanl._l'FTF | F, })

=E|(x,~FET) x2,x (x,~ ET)|F +E[(xi—FTF)’ X 5 x ’(x.—FTr)|FT]

i=nti i n7vi-1 i

The Theorem now follows from this.
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Similarly for the FD estimator we have

1

-1
A N , N ,
B =Py 4{ (xi _xi—l) (xi —Xig )} (xi _xi—l) (xi77i Teé =X i _ei—l) .
=2 i=2
Unbiasedness and consistency follow as in the previous cases. To obtain asymptotic normality we
write
1 & 1

By B) ] 305 500 | [ S o) o

N S

r

N !
('xi _'xi—l) (xf77i XM )j
)

(x, —x._, )} =0 so that by the central limit theorem

1

Notice that E [(xi —x.1) (e e ) (%77, = Xm0 )

for m-dependent processes we have

1 & (xi_xi—l),(ei_ei—l) D E(FT) 0
WZ[ _ )}_) N(O{ 0 %(ﬂ)ﬂ’

(xi Xi1 )' (xf77i — X7
where ¥, (F;) is now defined as

!

(x = )}

v, (FT ) = E|:(xi — X ), (xf77i X7 )(xi77i — XM )

+2COV((X2 —X ), (x2772 =X )7(x3 —X ), (x3773 — X1, ))

=2E|((x, - FT)'xE x (x, - FT) +2E[(xl,_1—FTF)'xl.qu[’(x,._l—FTF)}

+2E| (x, - F,T')'x2 x/ (x, - FT)

=4E|(x, - FT)'xL x/ (x, - FT) +2E[(xi_1—FTF)'xiZ”xi’(xi_l—FTF)}

—4c(F,)
+2E[(FT (T =T) v ) (BT +v)2, (BT, +v,) (£ (T, -T)+v,, )]

=4C(F,)+2D(F;),

where last line follows from the independence of the I"’s and v ’s for individual i and i —1. The re-

sult follows.
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Proof of Theorem 3.

The result follows from Lemma A.2 by writing

1d, v _ ) ~ ~ A o
2000 (=)A= B )+ (=) (5 =)A= s )+ (2] (3 -7)

+N§(Xi _)_‘)’ ((x,. —)_c)(,BO _ﬁMSM)JF(ei —E))((xi —X)7, )I (x —X)

1 N

2 %) (5 =F)m)((5 = F)( B~ Busw )+ (e, 2)) (.~ F)

i=1

# 2= ) ((3 %)) (5 -5 ) (3 - ),

i=1
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Table 1
Small Sample Properties of the MSM, FD, FE, CCEP, CCEMG and OLS estimators
Homogeneous slopes mildly correlated factors

Bias MSE Size (5% leveL H : B =1) Power (5% leve,L H : B #1)
B, N\T T=2 3 5 10 20 T=2 3 5 10 20 T=2 3 5 10 20 T=2 3 5 10 20
MSM N=20 | -0.001 -0.001 -0.001 -0.001 0.000 | 0.016 0.011 0.008 0.006 0.004 [ 0.115 0.098 0.105 0.098 0.091 | 0.062 0.071 0.084 0.117 0.144
50 0.001 -0.001  0.000 0.000 -0.001 | 0.006 0.004 0.003 0.002 0.001 | 0.072 0.076 0.072 0.065 0.066 | 0.100 0.112 0.147 0.203 0.258
100 0.000 -0.001  0.000  0.001 0.000 | 0.003 0.002 0.002 0.001 0.001 | 0.062 0.062 0.059 0.058 0.059 | 0.154 0.191 0.257 0.368 0.454
200 | -0.001 0.000  0.000  0.000  0.000 | 0.001 0.001 0.001  0.001 0.000 | 0.055 0.056 0.056 0.054 0.056 | 0.225 0.354 0.446 0.599 0.727
DM N=20 | -0.001 -0.003  0.001 -0.001 0.000 | 0.035 0.025 0.018 0.012 0.008
50 0.002 -0.003  0.000 0.000 -0.001 | 0.012 0.009 0.006 0.004 0.003
100 | -0.001 0.000  0.000  0.001 0.000 | 0.006 0.004 0.003  0.002 0.001
200 | -0.001  0.001  0.001 -0.001 0.000 | 0.003 0.002 0.002 0.001 0.001
FD N=20 | -0.002 -0.002 -0.001 -0.001 0.000 | 0.024 0.017 0.012 0.008 0.006
50 0.001  -0.002  0.000 0.000 -0.001 | 0.009 0.006 0.005 0.003 0.002
100 0.000  0.000 0.000 0.001 0.000 | 0.004 0.003 0.002 0.002 0.001
200 | -0.001 0.000  0.001 0.000  0.000 | 0.002 0.002 0.001  0.001 0.001
CCEP N=20 NA 4.859  0.002 0.000 0.000 NA  236869.105 0.017 0.006 0.003 NA 0.119 0.008 0.067 0.067 NA 0.020 0.007 0.085 0.155
50 NA  0.177  0.000 -0.001 0.000 NA 190.123 0.006  0.002 0.001 NA 0.193 0.006 0.059 0.064 NA 0.032 0.009 0.165 0312
100 NA 0308 0.000 0.000 0.000 NA 1129.204 0.003  0.001 0.001 NA 0266 0.005 0.050 0.056 NA 0.039 0.013 0310 0.560
200 NA 0437 0.000 0.000 0.000 NA 29642.509 0.001  0.001 0.000 NA 0349 0.004 0.055 0.054 NA 0.047 0.023 0.556 0.836
CCEMG N=20 NA -1.279 -0.326 0.001 0.001 NA 15485.661  4044.353 0.010 0.004 NA 0.069 0.032 0.063 0.069 NA 0.013 0.006 0.058 0.124
50 NA 0456 -0.533  0.000  0.000 NA 1607.718  7557.054 0.004 0.001 NA 0.070 0.024 0.055 0.058 NA 0.011 0.005 0.102 0.256
100 NA 0282 0.558 0.000 0.000 NA 95057.996 887.079  0.002 0.001 NA 0.070 0.022 0.048 0.055 NA 0.015 0.004 0.188 0.466
200 NA  0.588 -0.827  0.000  0.000 NA 9696.891  3360.061 0.001 0.000 NA 0.083 0.021 0.052 0.052 NA 0.017 0.004 0335 0.766
OLS N=20 | 0.114  0.120 0.125  0.131 0.135 | 0.061 0.052 0.047 0.042 0.039
50 0.115  0.118 0.126  0.133  0.136 | 0.047 0.043 0.040 0.038 0.036
100 0.108  0.120  0.124  0.131 0.134 | 0.042 0.041 0.038 0.035 0.035
200 0.109 0.117 0.126  0.130  0.135 | 0.041 0.038 0.037 0.035 0.034

.2 _
Notes: o, =0, p; =0.1
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Table 2
Small Sample Properties of the MSM, FD, FE, CCEP, CCEMG and OLS estimators
Homogeneous slopes moderately correlated in factors

Size (5% level, g, =1)

Power (5% level, f,=0.95)

Bias MSE
B T=2 3 5 10 20 T=2 3 5 10 20 T=2 3 5 10 20 T=2 3 5 10 20
MSM N=20 | -0.001 -0.002 -0.001 -0.001 0.000 0.018 0.013 0.010 0.007 0.005 | 0.119 0.108 0.107 0.103 0.095 | 0.062 0.068 0.077 0.107 0.128
50 0.001  -0.001 0.000  0.000 -0.001 0.006 0.005 0.004 0.003 0.002 | 0.074 0.074 0.076 0.068 0.069 | 0.092 0.107 0.131 0.173 0.214
100 0.000 -0.001 0.000  0.001 0.000 0.003 0.002 0.002 0.001 0.001 | 0.065 0.063 0.060 0.062 0.055 | 0.147 0.173 0227 0309 0.382
200 -0.001 0.000  0.000  0.000 0.000 0.002 0.001 0.001 0.001 0.000 [ 0.057 0.060 0.057 0.055 0.055 | 0.246 0.309 0.387 0.508 0.631
DM N=20 | -0.002 -0.004 0.001 0.000  0.000 0.040 0.029 0.022 0.015 0.011
50 0.002 -0.002 -0.001 0.001  -0.001 0.013 0.010 0.008 0.005 0.004
100 0.000  0.000 0.000 0.001 0.000 0.006 0.005 0.004 0.003 0.002
200 -0.001 0.001 0.001  -0.001 0.000 0.003 0.002 0.002  0.001 0.001
FD N=20 | -0.001 -0.002 -0.001 -0.001 -0.001 0.026 0.020 0.015 0.010 0.007
50 0.001  -0.002 -0.001 0.000 -0.001 0.010 0.008 0.006 0.004 0.003
100 0.000  0.000 0.000 0.001 0.000 0.005 0.004 0.003  0.002 0.001
200 -0.001 0.000  0.000 -0.001 0.000 0.002 0.002 0.001  0.001 0.001
CCEP N=20 NA 0.209 0.001 0.000  0.000 NA 109.246 0.019 0.007 0.004 NA 0.123 0.011 0.066 0.069 NA 0.019 0.006 0.084 0.143
50 0.130 -0.587  0.000 -0.001 -0.001 34.862 4473.610 0.007 0.002 0.001 | 0.140 0.192 0.006 0.059 0.062 | 0.026 0.032 0.011 0.159 0.299
100 -0.068 -0.336  0.000  0.000  0.000 | 234917 792.777 0.003  0.001 0.001 | 0.199 0.275 0.005 0.050 0.057 | 0.035 0.042 0.013 0.299 0.536
200 NA -0.205 0.000 0.000 0.000 NA 1540.047 0.002  0.001 0.000 NA 0368 0.005 0.056 0.051 NA 0.048 0.025 0.538 0.824
CCEMG N=20 NA  4.059 0.165 0.001 0.001 NA 73864.215 1593.559  0.011  0.004 NA 0.072 0.032 0.064 0.068 NA 0.011 0.005 0.059 0.122
50 NA 0228 -3.196 -0.001 -0.001 NA 2559.604  63766.362 0.004 0.001 NA 0.070 0.025 0.054 0.057 NA 0.013 0.004 0.105 0.248
100 NA -4.114 3.190 0.000 0.000 NA  200537.028 90693.652 0.002 0.001 NA 0.077 0.022 0.053 0.053 NA 0.017 0.004 0.180 0.458
200 NA -0.828  0.678 0.000  0.000 NA 11510.035 5708.849  0.001 0.000 NA 0.088 0.021 0.052 0.052 NA 0.014 0.003 0.335 0.757
OLS N=20 | 0.119 0.125 0.130  0.139  0.143 0.069 0.061 0.055 0.050 0.046
50 0.120  0.123 0.132  0.140 0.144 0.054 0.050 0.047 0.045 0.043
100 0.114  0.126  0.130  0.138  0.143 0.049 0.047 0.045 0.042 0.041
200 0.115 0.122  0.131 0.138  0.143 0.047 0.044 0.043 0.042 0.040

C o2 _
Notes: o, =0, p; =0.5
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Table 3

Small Sample Properties of the MSM, FD, FE, CCEP, CCEMG and OLS estimators
Heterogeneous slopes mildly correlated in factors

Bias MSE Size (5% level, B, =1) Power (5% level, f,=0.95)
5 T=2 3 5 10 20 T=2 3 5 10 20 T=2 3 5 10 20 T=2 3 5 10 20
MSM N=20 0.000 0.004 0.003 -0.003 -0.001 | 0.088 0.075 0.061 0.050 0.041 | 0.142 0.134 0.129 0.118 0.105 | 0.026 0.028 0.030 0.031 0.030
50 0.001 -0.001  0.001 0.000 -0.001 | 0.036 0.030 0.026  0.020 0.017 | 0.085 0.090 0.088 0.081 0.078 | 0.033 0.036 0.040 0.043 0.043
100 0.000 -0.001  0.001  0.000 0.000 | 0.018 0.015 0.013 0.010 0.009 | 0.072 0.069 0.064 0.062 0.062 | 0.043 0.045 0.053 0.056 0.060
200 | -0.001  0.002 0.001 0.002 -0.001 | 0.009 0.008 0.006 0.005 0.004 | 0.061 0.061 0.059 0.054 0.055 | 0.060 0.069 0.078 0.092 0.098
DM N=20 | 0.005 0.005 0.000 -0.002 -0.001 | 0.154 0.126 0.097 0.075 0.060
50 0.002 -0.001 0.000 -0.001 -0.001 | 0.058 0.046 0.038 0.029 0.024
100 0.000 -0.003 0.001 0.001 -0.001 | 0.028 0.023 0.018 0.014 0.012
200 | -0.002 0.002 0.001 0.001 -0.001 [ 0.014 0.012 0.009 0.007 0.006
FD N=20 | 0.002 0.006 0.000 -0.003 -0.001 | 0.111 0.094 0.075 0.060 0.048
50 0.001 -0.001  0.001  0.000 0.000 | 0.047 0.037 0.032  0.024 0.020
100 0.000 -0.002 0.001  0.001  0.000 | 0.023 0.019 0.015 0.012 0.010
200 -0.002 0.002 0.002 0.002 -0.001 | 0.012 0.010 0.008 0.006 0.005
CCEP N=20 NA  0.181 0.002 -0.003 0.000 NA 294.643 0.077 0.049 0.039 NA 0.100 0.029 0.083 0.084 NA 0.013 0.007 0.027 0.031
50 NA 1329 -0.001 0.000 0.001 NA  18462.732 0.034 0.022 0.018 NA 0.141 0.018 0.063 0.061 NA 0.021 0.008 0.037 0.044
100 NA 0.805 0.002 0.001 0.000 NA 4217.675 0.018 0.012 0.010 NA 0.192 0.015 0.054 0.057 NA 0.031 0.009 0.057 0.057
200 NA  0.341 0.001 0.001 0.000 NA 99.225 0.009 0.007 0.005 NA 0277 0.015 0.051 0.052 NA 0.038 0.015 0.083 0.092
CCEMG N=20 NA -0.282 0.288 -0.001  0.001 NA 2582.768  3453.806 0.031 0.024 NA 0.060 0.035 0.073 0.074 NA 0.011 0.004 0.027 0.033
50 NA 1.062 0.004 0.000 0.000 NA 9866.830  415.336  0.012  0.009 NA 0.067 0.026 0.059 0.058 NA 0.013 0.004 0.046 0.052
100 NA -1.826 -0.837 0.002  0.000 NA  40801.656 2902374 0.006 0.005 NA 0072 0.026 0.052 0.055 NA 0.013 0.004 0.075 0.086
200 NA  1.047 -0.137  0.000 0.001 NA 10802.576 2443.533  0.003  0.002 NA 0.077 0.023 0.054 0.051 NA 0.017 0.004 0.122 0.155
OLS N=20 | 0.108 0.126 0.129  0.131  0.136 | 0.115 0.106 0.091 0.080 0.073
50 0.113 0.120 0.124 0.133 0.134 | 0.071 0.065 0.060 0.054 0.049
100 0.109 0.115 0.125 0.132  0.137 | 0.054 0.050 0.047 0.044 0.042
200 0.108 0.116 0.127  0.132  0.136 | 0.046 0.044 0.042 0.039 0.038
. 2 _ —
Notes: o, =04, p, =0.1
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Table 4

Small Sample Properties of the MSM, FD, FE, CCEP, CCEMG and OLS estimators
Heterogeneous slopes moderately correlated in factors

Bias MSE Size (5% level, §,=1) Power (5% level, g, =0.95)
b T=2 3 5 10 20 T=2 3 5 10 20 T=2 3 5 10 20 T=2 3 5 10 20
MSM N=20 | 0.000 0.005  0.003 -0.002  0.000 0.095 0.083 0.069 0.056 0.046 | 0.138 0.140 0.130 0.122 0.110 | 0.029 0.028 0.029 0.032 0.028
50 0.001  -0.001  0.001  0.000 -0.001 0.039 0.033 0.029 0.022 0.019 | 0.087 0.094 0.089 0.080 0.075 | 0.031 0.035 0.034 0.039 0.042
100 0.000 -0.002 0.001 0.000 0.000 0.019 0.017 0.014 0.011 0.009 | 0.072 0.069 0.065 0.060 0.063 | 0.037 0.040 0.050 0.052 0.056
200 | -0.001 0.002  0.001  0.002 -0.001 0.010 0.008 0.007 0.006 0.005 | 0.060 0.062 0.058 0.055 0.056 | 0.060 0.066 0.073 0.083 0.089
DM N=20 0.006 0.006 0.001 -0.001 -0.001 0.177 0.144 0.115 0.089 0.071
50 0.002 -0.001 0.001 -0.002 -0.002 0.064 0.052 0.045 0.033 0.027
100 0.001  -0.004 0.001 0.001 -0.001 0.031 0.026 0.021 0.016 0.013
200 | -0.002 0.003  0.002  0.001 -0.001 0.016 0.013 0.011  0.008 0.007
FD N=20 | 0.002 0.006  0.000 -0.001  0.000 0.121 0.105 0.085 0.069 0.055
50 0.001  -0.001  0.001 -0.001  0.000 0.051 0.042 0.036 0.027 0.023
100 0.001 -0.002 0.000 0.000 0.000 0.025 0.021 0.017 0.014 0.011
200 | -0.001 0.002  0.002  0.002 -0.001 0.013 0.011 0.009 0.007 0.006
CCEP N=20 0.082 -1.183 0.003 -0.004 -0.001 | 194.238 12114.255 0.076  0.048 0.039 | 0.072 0.105 0.025 0.080 0.084 | 0.009 0.012 0.006 0.027 0.030
50 NA 3.039 -0.002 -0.001  0.001 NA 78470.707 0.033  0.021 0.017 NA 0.147 0.020 0.062 0.062 NA 0.022 0.007 0036 0.044
100 NA 0.238  0.002  0.001  0.001 NA 143.562 0.017 0.011 0.009 NA 0.208 0.014 0.056 0.056 NA 0.033 0012 0.056 0.059
200 0.129 0.216  0.001  0.001  0.000 72.405 114.163 0.009 0.006 0.005 | 0.215 0.285 0.014 0.051 0.052 | 0.036 0.042 0.018 0.085 0.094
CCEMG N=20 NA 17.086 -0.544 -0.001  0.001 NA  3671775.446 1641.101  0.031 0.024 NA 0.066 0.034 0.074 0.073 NA 0.011 0.005 0.026 0.034
50 NA 1.889  0.545  0.000  0.000 NA 50227.456 2279.704  0.012  0.009 NA 0.068 0.025 0.057 0.058 NA 0.013 0.004 0.046 0.053
100 NA  -0.525 0.974 0.002 0.000 NA 3701.143 15963.319  0.006 0.005 NA 0.075 0.023 0.053 0.055 NA 0.016 0.004 0.074 0.087
200 NA -1.171 -4362 0.000 0.001 NA 81669.960  237091.094 0.003  0.002 NA 0.084 0.022 0.051 0.051 NA 0.016 0.004 0.125 0.157
OLS N=20 0.114 0.131 0.132 0.138 0.145 0.127 0.119 0.103  0.091 0.082
50 0.119 0.123  0.129  0.139  0.143 0.079 0.073 0.068 0.061 0.056
100 0.114 0.121  0.129  0.140  0.145 0.061 0.057 0.054 0.051 0.049
200 0.113 0.121 0.132 0.139 0.144 0.053 0.051 0.048 0.046 0.044

Notes: o, =0.4, p, =0.5
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Small Sample Properties of the MSM, FD, FE, CCEP, CCEMG and OLS estimators
Homogeneous slopes with fixed effects and mildly correlated in factors

Table 5

Bias MSE Size (5% level, §,=1) Power (5% level, , =0.95 )
1 T=2 3 5 10 20 T=2 3 5 10 20 T=2 3 5 10 20 T=2 3 5 10 20
MSM N=20 [ 0.000 0.000 -0.001  0.000  0.000 0.021 0.016 0.011  0.008 0.005 | 0.110 0.108 0.101 0.104 0.097 | 0.050 0.059 0.071 0.090 0.108
50 0.000  0.000 0.000  0.000 0.000 0.008 0.006 0.004 0.003 0.002 [ 0.077 0.073 0.072 0.068 0.069 | 0.076 0.088 0.113 0.147 0.187
100 0.000  0.000 0.000  0.000  0.000 0.004 0.003 0.002 0.002 0.001 | 0.063 0.062 0.059 0.063 0.058 | 0.119 0.146 0.182 0.256 0.338
200 0.000  0.000 0.000  0.000  0.000 0.002 0.002 0.001  0.001 0.001 | 0.053 0.061 0.057 0.060 0.057 | 0.209 0.250 0.316 0.433 0.564
DM N=20 | 0.003 -0.001 0.001 0.001 0.000 0.046 0.034 0.024 0.016 0.012
50 0.000  0.001 0.000  0.000 -0.002 0.016 0.012 0.009 0.006 0.004
100 0.001 0.000 0.000  0.000  0.000 0.008 0.006 0.004 0.003 0.002
200 0.000  0.000 0.000  0.000  0.000 0.004 0.003 0.002 0.001 0.001
FD N=20 [ 0.001  0.000 0.000  0.001 0.000 0.031 0.024 0.017 0.012  0.008
50 0.000  0.000 0.000  0.000 -0.001 0.012 0.009 0.006 0.004 0.003
100 0.000  0.000 0.000  0.000  0.000 0.006 0.004 0.003  0.002 0.002
200 0.000  0.000 0.000  0.000  0.000 0.003 0.002 0.002 0.001 0.001
CCEP N=20 | 0.347 0.076 2.748  0.001  0.000 439.403 780.924 42906914 0.009 0.004 | 0.091 0.112 0.148 0.058 0.072 | 0.012 0.013 0.020 0.057 0.130
50 -0.022  0.965 0.665  0.000 0.000 599.157 5552.816 549.577 0.003 0.001 | 0.141 0.168 0.223 0.051 0.059 | 0.022 0.021 0.028 0.110 0.262
100 | -0.985  0.465 -1.293  0.000  0.000 | 5560.135 620.242 14332.405 0.002 0.001 | 0.197 0.235 0.314 0.053 0.048 | 0.026 0.033 0.042 0207 0.482
200 NA -0.318 0.608  0.001  0.000 NA 1602.590 451.980 0.001 0.000 NA 0308 0414 0.048 0.051 NA 0.038 0.047 0393 0.776
CCEMG N=20 NA  0.855 -0.417  0.002  0.001 NA 9750.956 5776.420  0.020  0.004 NA 0.058 0.077 0.063 0.069 NA 0.011 0.014 0.044 0.114
50 NA 0329 -24743  0.001  0.000 NA 5647.516  6591885.939 0.008 0.002 NA 0.055 0.075 0.053 0.055 NA 0011 0.013 0.070 0.224
100 NA -0.282 0.454 -0.001  0.000 NA 1285.805 10351.837 0.004 0.001 NA 0.061 0.073 0.051 0.053 NA 0.012 0.015 0.113 0.423
200 NA -0.871 -0.502  0.001 0.000 NA  17680.130 17104.326  0.002  0.000 NA 0.069 0.079 0.053 0.050 NA 0012 0.016 0.188 0.704
OLS N=20 | 0.140 0.143 0.153  0.160  0.165 0.076 0.065 0.056 0.050 0.046
50 0.135  0.148 0.151 0.161 0.163 0.058 0.054 0.048 0.044 0.041
100 0.136  0.147 0.152  0.162  0.163 0.053 0.051 0.045 0.043 0.040
200 0.139  0.144 0.153  0.159 0.163 0.052 0.048 0.044 0.041 0.039

.2 _
Notes: o, —O,pﬁ =0.1
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Homogeneous slopes with fixed effects and moderately correlated in factors

Table 6
Small Sample Properties of the MSM, FD, FE, CCEP, CCEMG and OLS estimators

Size (5% level, 5, =1)

Power (5% level, 5, =0.95)

Bias MSE
b T=2 3 5 10 20 T=2 3 5 10 20 | T=2 3 5 10 20 T=2 3 5 10 20
MSM N=20 | 0.001 0.000 -0.001 0.000  0.000 0.023 0.019 0.013 0.009 0.006 | 0.117 0.115 0.107 0.107 0.097 | 0.047 0.056 0.065 0.086 0.097
50 | 0.000 0.000 0.001 0.001 0.000 0.008 0.007 0.005 0.003 0.002 | 0.077 0.074 0.075 0.065 0.067 | 0.076 0.083 0.104 0.138 0.165
100 | 0.000  0.000 0.000 0.000 0.000 0.004 0.003 0.002 0.002 0.001 | 0.063 0.062 0.061 0.065 0.058 | 0.114 0.133 0.164 0.227 0.302
200 | 0.000 0.000 0.000 0.000 0.000 0.002 0.002 0.001  0.001 0.001 [ 0.053 0.060 0.058 0.060 0.056 | 0.194 0.236 0.282 0.389 0.513
DM N=20 | 0.004 -0.001 0.001  0.001 0.001 0.050 0.039 0.028 0.019 0.013
50 | 0.001 0.001 0.000 0.001 -0.001 0.017 0.014 0.010 0.007 0.005
100 | 0.001 0.000  0.000 0.000 0.001 0.009 0.007 0.005 0.004 0.002
200 | 0.000 0.000 0.000 0.000 0.000 0.004 0.003 0.003 0.002 0.001
FD N=20 | 0.002 0.000 0.000 0.000 0.001 0.034 0.027 0.020 0.014 0.009
50 | 0.000 0.001 0.000 0.000 -0.001 0.013 0.010 0.007 0.005 0.004
100 | 0.000  0.000 0.000 0.000 0.000 0.006 0.005 0.004  0.003 0.002
200 | 0.000 0.000 0.000 0.000 0.000 0.003 0.002 0.002 0.001 0.001
CCEP N=20 NA  2.064 0.080 0.001 0.000 NA 28485.226 573.913  0.009 0.004 NA 0.116 0.144 0.057 0.072 NA 0.013 0.020 0.059 0.126
50 NA  0.047 0427 0.000 0.000 NA 1310.049 547.586 0.004 0.001 NA 0.173 0.222 0.055 0.058 NA 0.026 0.031 0.114 0.256
100 | -0.022  0.232  0.314 0.000  0.000 | 219.879 222.976 110.733  0.002 0.001 | 0.203 0.234 0311 0.055 0.049 | 0.025 0.031 0.037 0.199 0475
200 NA -0.190 0.155 0.001 0.000 NA 7503.862 540.959 0.001  0.000 NA 0314 0411 0.048 0.050 NA 0.036 0.045 0382 0.763
CCEMG N=20 NA 0304 0211 0.002 0.001 NA 1891.045 627.141  0.020 0.004 NA 0.059 0.080 0.061 0.066 NA 0.010 0.014 0.042 0.115
50 NA -1.163 0.417 0.001 0.000 NA 20923.011 754.038 0.008 0.002 NA 0.058 0.073 0.052 0.053 NA 0.010 0.016 0.066 0.217
100 NA  7.930 1.016  0.000  0.000 NA  537593.523 1639.355 0.004 0.001 NA 0.057 0.079 0.052 0.052 NA 0.010 0.013 0.108 0.415
200 NA -7.872 -0.586 0.001 0.000 NA  234267.507 1906.952 0.002 0.000 NA 0.059 0.073 0.049 0.047 NA 0.014 0.013 0.185 0.699
OLS N=20 | 0.136 0.142 0.150 0.159 0.166 0.083 0.074 0.064 0.057 0.052
50 | 0.133 0.145 0.148 0.160 0.164 0.064 0.061 0.054 0.050 0.046
100 | 0.134  0.143 0.148 0.161 0.165 0.058 0.056 0.051 0.049 0.045
200 | 0.138  0.141 0.149 0.158 0.164 0.057 0.054 0.050 0.046 0.044

Notes: o, =0, p, =0.5
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Table 7
Small Sample Properties of the MSM, FD, FE, CCEP, CCEMG and OLS estimators
Heterogeneous slopes with fixed effects and mildly correlated in factors

Bias MSE Size (5% level, §,=1) Power (5% level, 5, =0.95)
1 T=2 3 5 10 20 T=2 3 5 10 20 | T=2 3 5 10 20 T=2 3 5 10 20
MSM N=20 | -0.001 0.000 -0.001 0.001  -0.001 0.058 0.047 0.037 0.029 0.024 | 0.131 0.127 0.115 0.120 0.109 | 0.031 0.034 0.039 0.038 0.045
50 | 0.002 -0.001 -0.002  0.001 0.001 0.023 0.019 0.015 0.012 0.010 | 0.083 0.079 0.080 0.078 0.072 | 0.043 0.044 0.045 0.057 0.066
100 | -0.002  0.000  0.000 -0.001 -0.001 0.011 0.009 0.008 0.006 0.005 [ 0.071 0.063 0.067 0.063 0.064 | 0.056 0.066 0.070 0.085 0.091
200 | -0.002  0.001 0.000 -0.001 -0.001 0.006 0.005 0.004 0.003 0.002 | 0.062 0.058 0.056 0.061 0.057 | 0.080 0.098 0.113 0.130 0.153
DM N=20 | -0.003  0.000 0.000 0.001 -0.001 0.110 0.084 0.063  0.047 0.037
50 | 0.001 -0.001 -0.004 0.001 0.000 0.039 0.031 0.024 0.019 0.014
100 | -0.002  0.000 -0.001 -0.001 -0.002 0.019 0.016 0.012  0.009 0.007
200 | -0.001 0.001 0.000 -0.001 -0.001 0.009 0.008 0.006 0.005 0.004
FD N=20 | -0.001 0.001  -0.001 0.001  -0.001 0.077 0.061 0.047 0.036 0.029
50 | 0.002 -0.002 -0.003 0.001 0.000 0.030 0.025 0.019 0.015 0.012
100 | -0.003  0.001 -0.001 -0.001 -0.002 0.015 0.012 0.010 0.007 0.006
200 | -0.002  0.000  0.000 -0.001 -0.001 0.007 0.006 0.005 0.004 0.003
CCEP N=20 NA  0.152 -0.047 0.000 0.000 NA 684.853 4494.555  0.028 0.019 NA 0.105 0.128 0.080 0.083 NA 0.011 0.019 0.033 0.041
50 | 0.351 0.808 -0.466  0.000  0.001 603.594 2080.515 3087.051 0.011 0.007 | 0.135 0.148 0.200 0.061 0.056 | 0.016 0.023 0.028 0.053 0.069
100 | 2.464 -0.045 0239 0.000 0.000 | 55035.415 158.327 251.113  0.005 0.004 | 0.168 0.203 0.280 0.054 0.054 | 0.023 0.028 0.039 0.081 0.115
200 | -0.039 -0.026  0.259 -0.001 -0.001 246.483 485.279 32.793  0.003 0.002 | 0.236 0.285 0.376 0.050 0.059 | 0.036 0.033 0.041 0.135 0.183
CCEMG N=20 NA -0.184 1338  0.001 0.000 NA 3906.317 38784.105 0.031 0.014 NA 0.054 0.072 0.071 0.073 NA 0.008 0.013 0.031 0.046
50 NA 2333 0339 0.000 0.001 NA 20879.500 1070.369  0.012  0.006 NA 0.059 0.078 0.054 0.058 NA 0.011 0.013 0.045 0.076
100 NA 0.154 -0.291 -0.001 0.000 NA 6762.931 2115.024 0.006 0.003 NA 0.060 0.074 0.057 0.054 NA 0.011 0.010 0.074 0.135
200 NA -7.110 -0.552 -0.001 -0.001 NA  408412.981 3063.274  0.003  0.001 NA 0.065 0.075 0.051 0.053 NA 0.014 0.015 0.125 0.241
OLS N=20 | 0.137 0.147 0.154 0.161 0.164 0.103 0.090 0.078 0.068 0.062
50 | 0.141 0.146  0.152  0.160 0.164 0.072 0.064 0.056 0.051 0.048
100 | 0.137 0.148 0.154  0.157 0.161 0.061 0.056 0.051 0.044 0.042
200 | 0.136  0.149 0.151 0.158 0.161 0.055 0.053 0.046 0.043  0.040

Notes: 0'; =04, p,=0.1

36




Table 8
Small Sample Properties of the MSM, FD, FE, CCEP, CCEMG and OLS estimators
Hetrogeneous slopes with fixed effects and moderately correlated in factors

Bias MSE Size (5% level, g, =1) Power (5% level, , =0.95)
5 =2 3 5 10 20 T=2 3 5 10 20 | T= 3 5 10 20 T=2 3 5 10 20
MSM N=20 | -0.001 0.000 -0.001  0.001 -0.001 0.063 0.052 0.041 0.032 0.027 | 0.134 0.131 0.118 0.122 0.113 | 0.032 0.031 0.037 0.038 0.042
50 | 0.001 -0.001  -0.002  0.001  0.001 0.024 0.020 0.017 0.013 0.011 | 0.085 0.081 0.084 0.079 0.075 | 0.043 0.038 0.044 0.053 0.061
100 | -0.002 0.001 0.000 -0.001 -0.001 0.012 0.010 0.009 0.006 0.005 | 0.073 0.066 0.066 0.064 0.062 | 0.053 0.062 0.067 0.078 0.088
200 | -0.001 0.001  0.000 -0.001 -0.001 0.006 0.005 0.004 0.003 0.003 | 0.060 0.059 0.055 0.062 0.057 | 0.078 0.092 0.104 0.121 0.143
DM N=20 | -0.004 0.000  0.000 0.001 -0.002 0.120 0.098 0.074 0.054 0.042
50 | 0.000 -0.001 -0.004 0.001  0.001 0.041 0.035 0.028 0.021 0.016
100 | -0.002 0.000 -0.001 -0.001 -0.002 0.021 0.018 0.014 0.010 0.008
200 | -0.001 0.001 0.000 -0.001 -0.001 0.010 0.008 0.007 0.005 0.004
FD N=20 | -0.001 0.001 -0.001  0.001 -0.001 0.084 0.068 0.053  0.041 0.033
50 0.001 -0.002  -0.003 0.001 0.000 0.032 0.027 0.022 0.017 0.013
100 | -0.003 0.001  0.000 -0.001 -0.002 0.016 0.014 0.011 0.008 0.007
200 | -0.002 0.000  0.000 -0.001 -0.001 0.008 0.007 0.005 0.004 0.003
CCEP N=20 | -0.310 -18.934 -0.089  0.000 -0.001 1417.608  3600626.163 359.474 0.028 0.019 | 0.092 0.104 0.134 0.082 0.084 | 0.011 0.013 0.016 0.031 0.044
50 | 1.378 0.040  0.220  0.000  0.001 | 14911.087 326.390 186.860 0.011 0.007 | 0.131 0.155 0201 0.060 0.056 | 0.018 0.020 0.027 0.054 0.071
100 0.200 -0.020 0.559 0.000 0.000 203.477 207.730 572911 0.005 0.004 | 0.173 0.208 0.277 0.055 0.054 | 0.023 0.028 0.038 0.082 0.113
200 | 0.201 1.041  0.095 -0.001 -0.001 597.865 6211.793 680.937 0.003 0.002 | 0.241 0.286 0.364 0.052 0.057 | 0.035 0.036 0.045 0.137 0.188
CCEMG N=20 NA -0.349  0.240  0.000  0.000 NA 1189.546 533.846 0.031 0.014 NA 0.057 0.074 0.069 0.073 NA 0.009 0.009 0.032 0.045
50 NA 1.985 0.948 0.001  0.001 NA 53239.473 3309.992  0.012 0.006 NA 0.058 0.070 0.058 0.058 NA 0.011 0.014 0.044 0.074
100 NA 0.624 -0.331  0.000 -0.001 NA 2769.728 1801.759  0.006  0.003 NA 0.058 0.076 0.054 0.053 NA 0.012 0.013 0.079 0.133
200 NA -0.085 -0.239 -0.001 -0.001 NA 28272.389 18550.552 0.003 0.001 NA 0.064 0.074 0.049 0.054 NA 0.011 0.014 0.122 0.241
OLS N=20 | 0.135 0.143  0.151  0.159  0.165 0.112 0.099 0.087 0.075 0.069
50 0.139 0.143 0.149 0.158 0.165 0.078 0.071 0.063 0.057 0.053
100 | 0.134 0.146  0.151  0.156  0.161 0.065 0.063 0.057 0.050 0.048
200 | 0.134 0.146  0.148 0.157 0.162 0.060 0.058 0.052  0.049 0.045

.2 -
Notes: 0, =04, p,; =0.5
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